Chnapter o

MATHEMATICAL INDUCTION
AND BINOMIAL THEOREM

PRINCIPLE OF MATHEMATICAL INDUCTION (Lahore Board 2009)

The principle of mathematical induction is stated as follows:

S(l) istruet.e., S(n) 1struefor n = 1 and S (k+ 1) is true whenever S (k) 1is true
for any positive integer k, then S (n) is true for all positive integers.
PROCEDURE

Condition 1: Substituting n = 1, show that the statement is true for n = 1.

Condition 2: Assuming that the statement is true for positive integer k, then show that
it is true for the next higher integer.

EXERCISE 8.1

Q.1 Use mathematical induction to prove that the following formula for every
positive integer n.

1+5+9+....... +4n-3) =n2n-1)
Solution:
Let S (n) be the given statement, that is

Sn):1+5+9+....... +(4n—-3) = n(2n-—1)
Condition 1

When n = [, S (1) becomes

S():4(H)-3=12-1)

1l =]

L.H.S. = RH.S. Thus C-1 is satistied.
Condition 2

Let us suppose that S (n) 1s true forany n = K € N, thatis S (k);



1+5+9+ ... +4k—-3) = k@Zk-1) ... (1)
Adding [4 (k+ 1) —3] an both sides of (1),

1+5+9+....... +(4k=3)+[4k+1)-3] = kKQk=D+[4k+1)-3]
= 2k*—k+4k+4-3
= 2k”+ 3k + |
= 2P+ 2k +k+ 1
= 2k(k+1)+1(k+1)
= (k+ 1) 2k+1)
= (k+1)2k+2-1)

(k+1)[2(k+1)~1]

= n==k+1
Thus S (k+ 1) 1strueif S (k) is true. Therefore C-2 is satisfied.

Since both conditions are satistied. Therefore S (n) is true for any positive integer.

Q.2  Use mathematical induction to prove that the following formula for every
positive integer n.
1+3+5+.u..+(2n—1) = n* (Lahore Board 2005, 2008)
Solution:
Let S (n) be the given statement, that 1s
S): 1+3+5+....... +(2n—-1) = n

Condition 1

When n = 1
2—-1 =1

Il =1

L.HS. = RH.S.

Therefore condition 1 1is satisfied.

Condition 2
Let us suppose that S (n) 1s true forany n = K € N, thatis
S 14345+ ...+ k-1 =K ... (1)

Adding [2 (k+ 1) — 1] on both sides



[ +3+5+...... +Ck-D+[2k+D—1] =k +[2k+1D) 1]
= K" +2k+2—1

= K+ 2k+ 1

= (kv 1)
Thus S (k+ 1) 1s true when S (k) 1s true. Therefore condition 2 is satisfied.
Since both conditions are satisfied, so S (n) 1s true for every positive integer.
Q.3 Use mathematical induction to prove that the following formula for every

positive integer n.

3n—-1
1+4+7+...... +(3n—2)=7n(2 )
Solution:

Let S (n) be the given statement, that is

: n(3n-1)
S): 1+4+T7+....... +(3n-2) = ———

Condition 1
When n = 1, S(I) becomes

- 13-1)
2
>
l =39
I =1
LHS. = RHS.

Therefore condition 1 1s satisfied.
Condition 2

Let us suppose that S (n) is true forany n = K € N, that is

Sk)y: 1+4+7+... +(3k2):w ......... (1)
Adding [3 (k+ 1)—2] on both sides of (1)
1+4+7+ ... +Bk-2)+[3k+1)-2] = wﬂukﬂ)z]
k (3k—1)

= = +3k+|



3k"—k+6k+2
= 2
3K+ 5k +2
2

3K+ 3k + 2k + 2
= 2
3k(k+ D) +2k+1)
= 2
(k+1)(3Bk+2)
= 2
k+ 1) Gk+3-1)
= 2

(k+D@k+1) 1)
2

= n==k+1
Thus condition (2) 1s satisfied.
Hence S (n) is true for every +ve integer.

Q.4 Use mathematical induction to prove that the following formula for every
positive integer n.

1+2+4+...... 2L = 0o
Solution:
Let S (n) be the given statement that 1s

Sy 14244+ ....+2% =2"—1
Condition 1

When n = 1, S (1) becomes

2 =211

2’ =2-1

1l = 1

L.H.S. = R.H.S. therefore condition 1 is satisfied.
Condition 2

Let us assume that S (n) is true forany n = k € N, that is

Sk 1+2+4+. .. +28 =21 .. (1)



Adding 2°* =1 on both sides

[ 4P qpdhde o e P gLl ak g g Rl
= dF_ 145"
= 2.2 1 24 0f = 2K

ok

Therefore condition 2 is satisfied. Both conditions are satisfied. Hence S (n) is true for every
+ve integer.

Q.5 Use mathematical induction to prove that the following formula for every
positive integer n. (Lahore Board 2010)

+2+4+ ------ +2n—1— _2ﬂ

Solution:

Let S (n) be the given statement, that is

S): 1+

o —
+
=
+
_|_
ﬂ_-
Il
(B
1
p—
\
L |

Condition 1

When n = 1; S (n) becomes

S(1: 1= 2[1—%}

|
l=2><§=l

L.H.S. = R.H.S. therefore condition 1 is satisfied.

Condition 2
Let us suppose that S (n) is true for any n = k € N, that 1s
| S e o 201 : 1
Tyt + EIZI' = 51: ......... (1)

1
Adding ?ﬁ on both sides of (1)

oLl 1 L L] I
+2+4+ ..... +2k—1+2k+1—1 = —;E +



2 2
Py, IR B L
= oK = K
2[2k+|7
= 2o (Multiplying & dividing by 2)
2[2k+l—]]
= 2k+1
B 2—2k+l 1 :|
= _2k+l 2k+l
1
= 2| 1—-——"—
2k+i

Thus S (k+ 1) 1strue of S (k) is true. Therefore condition 2 1s satisfied. Hence S (n) is true for
every positive integer.

Q.6 Use mathematical induction to prove that the following formula for every
positive integer n.

2+4+6.... +2n = n(n+1)
Solution:
Let S (n) be the given statement given, that is
S(n): 24+44+6.... +2n = n(n+1)
Condition 1
When n = 1; S (n) becomes
S, 2 =1(1+1)
2 =2
L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N thatis
S(k): 2+4+6+....... +2k = k(k+1)y ... (1)
Adding 2 (k + 1) on both sides
24446+ ... +2k+2(k+1)

Kk+ D+2k+1)
K+ k+2k+2



kk+1D)+2k+1)
(k+ 1) (k+2)

Il

(k+ 1) (k+1+1)

Thus S (k+ 1) istrue of S (k) is true. Therefore condition 2 is satisfied.

Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.7 Use mathematical induction to prove that the following formula for every

positive integer n. (Lahore Board 2006)
2+6+18+..... +2x3" = 3"—1
Solution:

Let S (n) be the given statement, that is

S): 246+ 18+....+2x3" =3"
Condition 1

When n = 1; S (n) becomes

S 2=3-1

2 =2
= L.H.S. = R.H.S. therefore condition 1 1s satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N, that is
S(K): 2+6+8+....... vox3 =3k (1)
Adding 2 x 311 on both sides
246 +8+ . +2x3 4238 2 3R g
= 3 r2x3" 1
= 3 (1+2)-1
= SE— 1

Thus S (k+ 1) 1s true when S (k) is true.
Therefore condition 2 is satisfied. Since both conditions are satisfied. Therefore S (n) is true for
every positive integer.
Q.8 Use mathematical induction to prove that the following formula for every
positive integer n. (Gujranwala Board 2003)
nn+1)@dn+)5)
6

IX3+2x5+3x7+....+nX2n+1) =



Solution:
Let S (n) be the given statement, that is

nn+1)@n+5)
6

Sn): I x3+2x54+3xT7+... +n(2n-1) =

Condition 1

When n = 1, S (n) becomes
1(2) (9

S(1): lx3:%

3 =3

=% L.HS. = R.H.S.
Therefore condition | is satisfied.
Condition 2

Let us assume that S (n) istrue for n = k € N, i.e.

k(k+ 1)k +5
(+)6(+) ......... (1)

S (k) Ix3+2x5+3xT+ . +k2k+1) =

Adding (k+ 1) (2 (k+ 1)+ 1) on both sides of (1)

I x34+2%x543%x7+ ... +kQk+D+&k+D[2%k+D+1]
_kk+ D) @k+5)
= 6
k(k+1)(dk+3) +6(k+1)(2k + 3)
6

+(k+1)(2k + 3)

Ck+D[k@k+5+62k+3)]
- 6

(k + 1) [4k* + 5k + 12k + 18]
- 6

C(k+ D) (4K + 17k + 18)
= 6

(k+ 1) (4k° + 8k + 9k + 18)
B 6

Ck+ D[4k (k+2)+9 (k+2)]
- 6



o k+ D (k+2)(4k+9)
B 6

B (k+1)(k+2)(dk+4+5)
- 6

_k+Dk+2)(dk+1D+5)
- 6

(kD) (k+ 1+ D[4k + 1)+ 5]
= 6

Thus S (k + 1) is true when S (k) 1s true. Condition 2 is satisfied. Since both conditions are
satisfied. Therefore S (n) 1s true for every +ve integer.

Q.9 Use mathematical induction to prove that the following formula for every
positive integer n.

nn+1m+2)
3

Ix24+2x3+3x4+... nn+1) =

Solution:
Let S (n) be the given statement, that is

nn+1)(n+2)
3

Sn): 1x24+2x3+3x4+ ... nn+1) =

Condition 1
When n = I; S (n) becomes

1 (2)(3)
3

S(): Ix2 =
2 =72
= [.L.H.S. = R.H.S.
Hence condition 1 1s satisfied.
Condition 2

Let us assume that S (n) 1s true forany n = k € N, 1.e.

S Ix2+2x3+3 x4+ ... +k(k+1):k(k+1§(k+2) ......... (1)

Adding (k+ 1) x (k+ 1+ 1) on both sides
I x2+2x3+3 x4+ ... +kk+1)+k+1)k+1+1)

o kk+1)(k+2)
B 3

+(k+1)(k+2)



_kk+Dk+2)+3(k+ 1) (K+2)
= 3

= (k+ 1)k : 2) [k + 3] (taking common)

Ck+Dk+2)(k+3)
B 3

_ (k+ 1) (k+1+1)(k+1+2)
B 3

Thus S (k+ 1) istrueif S (k) is true.

Therefore condition 2 1s satisfied. Since both conditions are satisfied. Therefore, S (n) i1s true for

every +ve integer.

Q.10 Use mathematical induction to prove that the following formula for every
positive integer n.

nn+1)(dn-1)
3

Ix2+43x4+5x6+....... +(2n—-1)x2n =

Solution:
Let S (n) be the given statement, that is

nn+1)(@n-1)
3

S(n): 1x2+3x4+5x6+ ... +(2n—1)(2n) =

Condition 1
When n = 1, S (n) becomes

1+ D@1

S(l): 1x2 3
2_2><3
3

L.H.S. = R.H.S. therefore condition 1 1s satisfied.
Condition 2
Let us suppose that S (n) is true for n = k € N thatis

K(k+ 1) 4k _ |
(ke + )3( ) (1

Sk 1 x2+3x4+5x6+....... +(2k-1)x 2k =

Adding [2 (k+ 1)~ 1] x 2 (k + 1) on both sides of (1)

I x2+3%x44+5%x6+ .+ 2k—Dx2k+[2(kk+D—-1]2k+1)



kk+1)@4dk—-1)
3

_ ks 1)3(4kl)+(21<+1)><2(k+1)

Kkt D) (k- D+ 62k + 1) (k+ 1)

= 3

+[2k+D-1]2&+1

(k+ 1) [4K* Kk + 12k + 6]
- 3

(k4 1) (4K + 11Kk + 6)
= 3

(k+ 1) (4K + 8k + 3k + 6)
= 6

(k1) (4k+3) (k+2)
= 6

_k+D&k+1+D@k+4-1)
B 6

kD) (k+T+1D)(@k+1 1)
3 6

Thus S (k+ 1) istrueif S (k) 1s true.
Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore S (n) is true for every +ve integer.

Q.11 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1 1 __, 1 _n+l-1_ =
1x2T2x3 3xatY " *nm+1) T " Tn+1 " n+1 T n+l

Solution:

Let S (n) be the given statement, that 1s

1 | | |, 1 _n
1x272x3 354 T+~ ' "n+l " n+l

S (n):

Condition 1
When n = 1; S (n) becomes

|
S: 1572 = 1+1




18
2

DI | —

— L.H.S. = R.H.S. therefore condition 1 is satistied.
Condition 2
Let us suppose that S (n) is true for n = k € N thatis
S(k);1+1+1+ ....... +1=k. ......... (1)
Ix2 2x3 3x4 kk+1)  k+1

: I :
Adding k+D(k+1+1) on both sides

1 I I 1 1
1x2t 253 3xat T kk+ DYkt Dk+1+1)

Kk 1
Tk+1Tk+ 1) (k+2)

_ k(k+2)+1
T (k+1)(k+2)

K +2k+ ]
T k+1D)(k+2)

B k> + 2k + |
T (k+ 1) (k+2)

(k + 1)
k+ 1) (k+2)

(k+1)
k+1+1
Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satisfied. Since both conditions are satisfied.

Therefore S (n) is true for every +ve integer.

Q.12 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1 1 _n
1x373x5ts5x7t Y- @n+1) T 2n+1

Solution:

Let S (n) be the given statement, that is

1 1 | I .
S 3 35t 57t ton-D@n+ ) - 2n+1




Condition 1
When n = 1, S (n) becomes

L
()3) = 2+1

S (1):

W | —

1_

3 =
= L.H.S. = R.H.S.
Therefore condition 1 is satisfied.
Condition 2

Let us suppose that S (n) 1s true for n = k € N thatis
I | I | k

%3 T 3x5 T 5x7 et e @R )~ 2kl 0 trreews (1)
I
Adding [2 e D)o 1] [2 kit D+ l] on both sides of (1)
1 1 1 1
%3 355 57 T T DR+ D T e ) 1] [20k+ D)+ 1]
k 1
= 2k+ ) T2k + 1) (2k + 3)
_ _k@2k+3)+1
= (2k+1) 2k + 3)
2k + 3k + 1

2k + 1) 2k + 3)

_2k2+2k+k+l
2k + 1) 2k + 3)

C2k(k+ D+ Tk+1)
Ck+ 1) 2k + 3)

(k+ D) Q2k+1)
2k + 1) (2k + 3)

o k+t (k+1)
2(k+1)+1

T 2k+2+1

Thus S (k+ 1) istrue, when S (k) 1s true. Therefore condition 2 1s satisfied.

Hence S (n) is true for every +ve integer.



Q.13 Use mathematical induction to prove that the following formula for every
positive integer n.

1 1 1
2x5tsxgtgx11

1 _ n
T Bn-1)@n+2)  23n+2)

Solution:

Let S (n) be the given statement, that is

S (n): | | | |
(n): 2><5+5><8+8><11+ ......

n
TGn-1)(Bn+2) = 23n+2)

Condition 1
When n = 1, S (n) becomes

I 1
S 5 5 =23+2)

1

L
10 ~ 10
—  LHS. = RHS.

Therefore condition 1 is satisfied.

Condition 2

Let us suppose that S (n) is true forn = k € N, 1.e.

| I |

1 k
S(k);2x5+5><8+8><11+ ...... +(3k—1)(2k+2)=2(3k+2) ......... (1)
1
Addi both sides
= [3(k+1)-1] [3(1<+1)+2]0n o
[ R S I . I
2x5 5x8 8x11 " Gk=DGCk+2) "3+ - 1][3k+1)+2]
S 20k+2) 3 k+ 1] [3k+1)+2]
B k 1
= 2(3k+2) T (3k+2) 3k +5)
kKBk+5)+2

= 2(3k+2)(3k+5)



3k™ + 5k + 2
= 23k +2)(3k+5)

k2 + 3k + 2k + 2
= 2(3k+2)3k+3)

3k(k+1)2&k+1)
- 23k+2)(3k+5)

(k+1)3k+2)
- 23k+2)3k+)5)

k+1 3 k+1
- 23Bk+5  203k+3+2)

(k+1)

2[3(k+1)+2]

Thus S (k+ 1) istrue, when S (k) is true.
Therefore condition 2 is satisfied. Thus S (n) is true for every +ve integer.

Q.14 Use mathematical induction to prove that the following formula for every
positive integer n.

r(l-r"
FAT + T+ oo +r“=ﬁ

Solution:
Let S (n) be the given statement, that is

2, 3 o _r(ad-r)
S): r+r +1 +....... +T =Ty
Condition 1

When n = 1, S (n) becomes

oo _rd-n

S(l): r= (-1
r=r

= L.H.S. = R.H.S.

Therefore condition 1 1s satisfied.

Condition 2
Let us suppose that S (n) is true for any n = k € N, that is
k
r(l—r
S (k): P T A, +rk:¥ ......... (1)



Adding both sides by '

7 3 kK kel Pl k+1
R G L T Ef — 4
(I -r)
k+1

=™+ (-0
(I-r)

Kbl kbl k4 1+
1‘—1’++l‘+—1‘++

l —r
k+1+1
r

r-r
- | —r

P(1—rk+)
B l—r
Thus S (k + 1) is true when S (k) is true.
Therefore condition 2 is satisfied.
Hence S (n) i1s true for every +ve integer.

Q.15 Use mathematical induction to prove that the following formula for every
positive integer n.

n
a+@+d)+@+2d) + couenens [a+(n—1)d]=§[2a+(n—1)d]

Solution:
Let S (n) be the given statement that is

n
S): a+@+d) +(a+2d)+ ... [a+(n—1)d] = > [2a+(n—1)d]

Condition 1

When n = 1, S(n) becomes

I |
S(): a= 5[2a+(1—1)d] = 5(2a)
d = d

= L.H.S. = R.H.S.
Therefore condition | 1s satisfied.
Condition 2

Let us suppose that S (n) is true forany n = k € N, i. e.

Sk): a+@+d)+(a+2d)+ ... [a+ (- 1Dd] = 1;( [2a+ - Dd] ......... (1)



Adding both sides by |a+ (k+1—1)d]|
a+@+d)+(a+2d)+ ...+ la+k-Dd]+[a+&k+1-1)d]

[2a+ (k- Dd]+[a+&k+1-1)d]

[2a+ (k— 1) d] + [a + kd]
[2a + kd — d] + 2 [a + kd]
= 2

Dak + k> d — kd + 2a + 2kd
= 2

Dak +2a+k*d +kd
= D

2a(k+ 1)+ kd(k+ 1)
= 2

(k + 1) (2a + kd)
9

k+ 1 —
:( > )[2a+(k+]—1)d]
Thus S (k+ 1) is true when S (k) is true.

Therefore condition 2 is satisfied.

Hence S (n) is true for every +ve integer.

Q.16 Use mathematical induction to prove that the following formula for every
positive integer n.

1.11+2.2!+3.3! +....... n.n! = (n+1)!-1.
Solution:

Let S (n) be the given statement, that is

S(n): 1.11+2.2'+3.31+....... +nn! =+ 1) -1
Condition 1

When n = 1, S (n) becomes

S(h: ©1.IH=(0+1)!-1
1= 21-1
l = 2=1

| =1
= L.H.S. = RH.S.

Thus condition 1 1s satisfied.



Condition 2
Let us assume that S (n) istruefor n = k € N, 1i.e.
Sky: 1.11+2.2!+3.3+...... kK.kK!' =&k+D!'-1 ... (1)
Adding (k+ 1) (k+ 1)! on both sides of (1)
1.11+2.21+3.31+...... +k. k! +((k+1)&k+ 1)
= (k+I)!=T1T+k+1)(k+1)!
= (k+D!'+k+1)&+1)! -1
= (k+D!'[1T+k+1]-1
= (k+D!'k+2)-1
= (k+2)(k+ D! -1
= (k+2)! -1

= (k+1+1)-1
Thus S (k+ 1) 1s true, when S (k) 1s true.
Therefore condition 2 is satisfied. Since both conditions are satisfied.
Therefore, S (n) is true for every +ve integer.

Q.17 Use mathematical induction to prove that the following formula for every
positive integer n.

a, = ai+(n-1)d when aj,a;+d, a; +2d,..... forms A.P.
Solution:
Let S (n) be the given statement, that is

S(n): a,=a+n-1)d
Condition 1
When n = 1, S (n) becomes
S(l): aj = a+(1-1)d
a; = aj
= L.H.S. = RH.S.

Therefore condition 1 is satisfied.



Condition 2
Let us suppose that S (n) 1s true for n = k € N that is
S(k): ax = ay+k-1H)d . (1)
Adding “d” on both sides
ak+d = aj+(k—1)d+d

ags1 = a+dk—1+1]

a = aj+(k+1-1)d

Thus S (k+ 1) is true when S (k) 1is true.
Therefore condition 2 is satisfied.
Since both conditions are satisfied. Therefore S (n) is true for every +ve integer.

Q.18 Use mathematical induction to prove that the following formula for every

positive integer n.

1

- 2
a, = arr" when aj, ajr,arr’, ... fromaG.P

Solution:
Let S (n) be the given statement, that is
S(n): a, = aj "

Condition 1
When n = 1, then S (n) becomes
S(): ay =ayr "'
a; = aj

=5 L.H.S. = R.H.S.

Therefore condition 1 1s satisfied.

Condition 2
Let us suppose that S (n) is true forn = k € N, i.e.
S(k): ax = a; A (1)
Multiplying both sides by r
k-1
agxr =ar  xr
k—1+1
A1 = apr
a— = aj l.k+l—]

k+1



Thus S (k+ 1) 1s true when S (k) 18 true.
Therefore condition 2 is satisfied.

Since both conditions are true.

Therefore S (n) is true for every +ve integer.

Q.19 Use mathematical induction to prove that the following formula for every
positive integer n.

|
12+3*+5 +...... +(2n—1)2=M

Solution:
Let S (n) be the given statement, that is

Sy I"+3"+5 + ... +(2n— 1) =

Condition 1
When n = 1, S (n) becomes

, > 1M@d-1)
S(h: 17 =73

1 =1
= L.H.S. = RH.S.

Therefore condition 1 1s satisfied.

Condition 2
Let us suppose that S (n) is true forn = k € N, i.e.
5 Kk (4k* 1
Sk Feed ... +(2k—1)2:% ......... (1)

2
Adding [2 (k+ 1)~ 1] on both sides

k (4k> 1)

, 3
3 + 2k + 1)

4 0 2
1743 +5 + ... +2k-D"+[2k+ D -1] =
k(@k -1 (k+1)
3

KQk—1) 2k +1)+3 2k + 1)°
3

+(2k+ 1)’

Ck+ D [kQCk—1D+32k+ 1]
- 3




_Ck+DEKk=1) (k+3)
= 3

(2k + 1) (2k” + 6k — k — 3)
= 3

2k + 1) 2k +3) (k + 1)
= 3

(k+ D [Ck+1) 2k + 3)]
- 3

(k + 1) [4K” + 6k + 2k + 3]
= 3

(k+ 1) [4K* + 8k +4 — 1]
= 3

k+ D [4K +2k+1)—1]
= 3

REDIIETE)
a 3

Thus S (k + 1) 1is true, when S (k) is true.
Therefore condition 2 1s satisfied.

Since both the conditions are satistied.
Therefore S (n) is true for every +ve integer.

Q.20 Use mathematical induction to prove that the following formula for every
positive integer n.  (Lahore Board 2010)

S e (P32 (707

Solution:

Let S (n) be the given statement, therefore

oo (e (D (Deer(1) (1)

Condition 1
When n = 1, S (n) becomes

(5)-037)

I =1



