INTRODUCTION

Functions are fundamental in mathematics, describing relationships between inputs
and outputs through a rule of correspondence. Understanding key concepts such as
domain, co-domain and range is essential for analyzing different tvpes of functions,
including one-to-one, onto and bijective functions. Graphical representation helps in
identifying intersecting points, such as where a linear function meets the coordinate
axes, where two linear functions intersect or where a linear and a quadratic function
cross. These inlersections provide valuable insighls into solving equations visually.
Additionally, exploring square root and cube root function graphs allows for nmr

L .

understanding ol their unique properties and behaviour. '
problem-solving skills by combining algebrait and es-Fo Tunctions.
2.1 Concept of Fum:t Q@:
¢as IECagmze g@éﬂ : fi Mathematician Leibniz {1646-1716)
1 ) ¢ q

¥

uantity on another. The following examples
illustr Chis e
(i

¢ arca 47 of a square depends on one of its sides “x" hy the formula
A=x", so we say thal 4 is a [unclion of x.
(i}  The volume “F” of a sphere depends on its radius 77 by the formula

4 . .
V= E:rr" . 50 we say that V is a function of 1.

A function is a rule or correspondence, relating two sets in such a way that each
clement in the first set corresponds to one and only one element in the second set.
Thus in, (i) above. a square of a given side has only one area and in. (ii) above, a
sphere of a given radius has only one volume,

Now we have a formal definition:

2.1.1 Definition (Function, Domain, Codomain, Range)

A function / from a set X to a set ¥ is a rule or a correspondence that assigns to each
element x in X a unique element y in ¥, The set X is called the domain of 7.
il;&&c

The set of corresponding elements y in ¥ is called the pange of '
codomain of 4 function is the sct Y in which i.lnc;; 'b T he.
‘@ erithat the

Unless stated to the contrary, nw%i ser X and Y consist of
real numbers. <
: ol\ T‘/f?/(\\ N
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m'&a—dﬂmain is the set of all possible outputs but the range is the actual set of outpuis
produced by the function under the given domain that is range set i3 always a subset of co-domain,

2.1.2 Notation and Value of a Function

If a variable y depends on a variable x in such a way that each value of x determines
exactly one value of p, then we say that “y is a function of x7.

Swiss mathematician Fuler (1707 — 1783) invented a symbolic way to write the

statement *y 1s a function of x™ as y = fix), which is read as "y is equal to fof x™.

A function can be thought as a computing N

machine /" that takes an input x, operates | Funetion ity
on it in some way and produces exactly Iapulx [ g@%ﬂ“)

one output fx). This output f{x) is c:s&be

S ; ; g L Py g Machine
the value of fat x or image ol ol
the output fTx) is denbted -"ﬂ &E ayy and we write v = f{ x).
i ndependent variable of fand the variable y is called the

The variable xigca
e of /. For now onward we shall only consider the function in
whiclr the variables are real numbers and we say that fis a real valoed function of

real numbers.

Example I:  Givenfi)=+ 2¢+4x Lfind () A0 (i) A
i
(i) fi-2) (iv) A1+ x) (v) f:(— | x=0
VA

Solution: fix)=x"—2x"+4x—1
(i}  AG=0-D+0-1=-1
i) AD=01Y-201P+41)-1=1-2+4-1=2
(i) A-2D=(-2P 22 +4(-2)—-1=8-8-8-1=-25
(iv) fil+x)=(1+xP =21 +xF+H1+x)—1
=1+3x+3+xr -2-dx—-2"+4 +4x— |
=+ +Ix+2

D{}mﬂiW%
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Example 3:  Find the domain and range of f{x)= 2'.:

Solution: Atx=2andx=-2, fix)= is not defined. So,

Domain /= set of all real numbers except =2 and 2 or #-{-2,2}

Let y=;4:} r{: —=x=x" 1!—411—1

.1"_]-' == 4}’ =0 Remember!

—{—'I}:t\/(—l)‘-'—4{_}-‘)&4'1.'} There are two  types of
= 2,‘_, intervals  known as  open

interval 'md closed i
|+1m- e %@@ b
x: . n
2y @ rval
% is defined ag ¥ v# I gndooints are included.,
For = x=
3: —4

S&Mf all real numbers or {—,«)

Example 4:  Find the domain and range of f(x)=+x"-9.

Solution: x' =920 = ¥’ =920 ...(1)
jai ¥ —0=0=> x=%3

Critical points divide the number line into three regions:
Putx=—4in (i), 16=920 (True)

Putx =0 in (i), =920 (False)

Putx=4 in (i), 19220 (True)

So, domain /= {—c, =3] W [3, =)

The smallest value of ¥ —94s 0 (when x=13)

sy giegiog

As |r| inereases beyond 3, 7 — 9 grows to +oo, S0y grows to -+

So, range /= [0, =) @ m
2.1.3 Vertical Line Test O @

The vertical line test 1s a methpd ps a graph represents a
function. A graph @gpresen ' v nf no memcal line intersects the
gmph more th..m 0 ertical e passes thmug:,h the graph more than once, it
is not a [y :EX

al) \
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Explanation is given in the figure,

¥ ¥ ¥ ¥
A i |

. | i 1

I : )
: | - |
15 > - ”[ : »1 \l : >

{a} a function {b} a function (] nota funclmn {d} not a function

[,

o[t

T 1
! I
[ i
[ i
2.1.4 Types of Function

(i) One-to-One (Injective) Function

A funclion [ is one-lo-one il dilferent inpul:-. produce

Six)=f(x,) implics x,= x,. This mLﬂ@ Ltha

93- ¥ is called onto (or surjective) function if every element in the
co-domain ¥ has at least one pre-image in the domain X In other words, for every v
n ¥, there exists an x i X such that f{x) = y.

For example, f{x)=2x+3, where the domain and co-domain are both real numbers.

-_3 E - 5
Here y=2x+3 = x= LT . Here for each v in R, there exists L,

— in & such that

a

fv—13 ; st e
F ( ~ )= v. Hence fis an onto function.

(iii)  Bijective Function
A function f: X — ¥ is called bijective if it is both one-to-one and onto.
Piecewise Function

A pieeewise funclion is a function that is delined _;-1:
by different expressions (or "pieces")  over _ _ 2
different intervals of its domain. Each piece applies m
to a specific part of the domain. X' LN (1] @ X

[ 2x+ i'w@@ m&ﬁ%fy\“z I i
For example, f{x)= Jl S . @ it

X5 / 2

For x =0 the fun \m ¢ 22 F1 and for —1 i B I
x=0, It Lgé o
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Example 5: Show that the function f{x)= x+1, where the domain and co-domain

are all real numbers, is bijective.
Selution: A function is bijective if it is both one-to-one and onto,
A function is one-to-one if f(x )= f(x) = ¥ =x, lor f(x)=x+1
Suppose f(x)= f(x )
x+l=x+1
= .T.'l =.1'-3
So, the given function is one-to-one,

x =y 1) such that f{v—1) =y 1+1 = 1. Therefore, f(x) is bijs

-

Example 6i: Show that the function f@} = @
are all real numbers, s netther “

Solution: As f(x, — r,

T es not imply that x, = x, , for example | P

x=2x,=-2=x+x and f(2)=2= f({-2). | \

It is also onto because for every real number y, there is a real number v (spec @y

ah cn—dﬂmmn

Thus, fis not one-to-one. fi=1t=2

Also, the element —2 in the co-domain & 15 the smallest |,

4
3
i 1

i

value that f(x)=x" -2 can attain, and it is only | 3 -2 - :'/2 3
achieved when x = (. However, any number less than —2 b
=¥
b

{in co-domain &) is not the image of any real number x in
domain R. For example, f{x) = -3 =¥’ ~2=-3has no

P~ EXERCISE 2.1 4

1. Giventhat: (&) flx)=x—1 b)Y fx)=J2x4 2x+3  Find: @@\
(i) f(-3) (i) f(0) (il IIA—W@@®
2. Find et i) and Hm“

m f{t‘,l 4

real root.

(1) fix)=sinx
(iv) fix)=tanx

\J
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3. Express the following:

(a) Thearea A of a square as a function of its perimeter P.

(b)  The circumference C of a circle as a function of its area A.
(£} The surlace arca § ol & cubce as a funcion of ils volume I

4.  Find the domain and the range of the function g defined helow:
(1) glx}=353x (i) glxy= fx+2
[6x+7,x5-2
(iv) gix)= v) glx)=x-5
LR T o
5. Given fixy=x" —ax®* + be + 1L IFf{2)=-3 and f{—1)= 0, Find the values of
a and b,

. . ; .. . x42 @m

. Find the domain and range of gi{x)= @O@

7. A stone falls from a height oA G .@h Itht f after x econds is
approximatel €y vey ( ' :

(i) I e when:
. ol s ! (b) x=1.5sec? (¢) x=1Tsec?
i1 When does the stone strike the ground?

8. Consider the function f{x) = 3x -5.

(1) Determine the domain and range ol f(x).
{11} Ts the tunction fone-to=ome? Tustify your answer.
(iii) Is the function jonto if the co-domain is all real numbers? Explain.

)
9. Letf: K — R bedetined by f{x) = —

x—3

x+l
(i) Find the domain and range of f(x). (ii) Determine whether /' (x) is onto.
(1i1) Prove that / (x) is one-to-one.

[(). Consider the function /2 & &7 defined by f (x) = ¢, Show that [ (x) 15 a
hijective.

I1. Let gz E—E be given by mix) = 2 32 Determine if g(x) is imjective and/or
surjective.

2.2 Finding the Intersecting Point(s) Graphically m
] ] L

o
fi fanhctions.
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Example 7: Find the points of infersection of a linear functiony=2x+6and
coordinale axes.

Solution: Table values and the graph of ¥y =2x + 6
is given below:

x | y=2x+6

=] | 4

] 6

l 8 i
Hence, from the above graph, the points (-3, 0) and ({},6)are the f
inlerseotions of vy = 2r+ 6 and coordinale ax @

2.2.2 Intersection of Two

@@7

The point of intef
functions is_tl

eir graphs
¢© This means the two
funetions have the same x and v values at
that point.

Example 8: Find the point of infersection of
¥=3x+2 and y=-x+6.

Solution: Table of different values of x and v
is given below:

x | y=3x+2 | y=-x+6
I £ - P
L] 2 §]
1 ] 2
By plotting the above points, we see that {1, 5) is the point of inte Lmn

straight lines as shown in figure.
2.2.3 Intersection of a Ling ‘ 1 rdlu Fumlmn

A line and a paml:@ G 0 points, one point or not intersect at
svstem has two points of intersection, A single

all, If there are _ -
solutipg, i dl ere 15 only one intersection point, suggesting that the line
(\ A

\J
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may be tangent to the parabola. If no solution exists, it means the line and the
parabola do not intersect.

=

o

Hw

-y
%]

of 7 /

Twa Solutions (e Solutions ™o 'mlullnn

Example 9: Solve the hnear function —
y=x"—6x+3 graphically. %
% x

Solution: Clearly ( intercept and y-intercept respectively off

y==x+3
p=xi=bx+3 L)

Put x = 0 in (i), so (0. 3) is the y-intercept.

Put v =0 in (1), we have

0=x"—6x+3
_—(=6)=4 (~6)" —4(1)(3)
2(1)
rdﬁi—.«-hﬁ—lE
S T
624
2
ﬁ+2~f
Pi= 3:!:~J"-
x=3-16,3+6 @Q
x=10.6, 5=O “
So W x-lntercepls.
VAVTANN
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Now we find vertex (A, k) of the parabola
h —6
T —m =3
k=03 -6(3)+3=—6
So, the vertex 15 [3,—6)
Hence (0. 3) and {5,=2)are the solutions (points of intersection) of the given
functions,

2.3 Graph of the Square Root Function

Example 10: Graph the square root function v = 2x +1 % @m
§ n’

' a negative
number 15 not 4 teal number. Th
a non-negative nun %l
Table val Hof

)
WP R

as the square oot of

(¥ |

1 3

2 3.3

3 4.5

4 5

3 55

6 5.9 i 7 T I

7 6.3 | | x
2 6.7 ll!]l23--'1:5('.I'FN‘;'NI'H
9 7

10 73

2.4 ‘Gi‘aph of the Cube Root Function @@m
B\

;|
rcal numbers because

or zero) 15 always real. Therelore, the

)

Example 11: Graph the cube root fun{sn

Solution: As we know that cube\ry

w gl RYLH N ks g o3
domain ol the gi Lﬂ ‘ton 15 all real numbers. The range of the given
functign i eset of real numbers.

(\ A
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Tahle values and the graph of the function are given below:

x
5 .8

4 1.7

3| 1.6

2 -14

-1 -1.3

1] 0

2 |

3 | X
4 |

5 |

seimething increases in quantity or size over time, it is called growth. For
example, money in & bank account eaming interest (it grows larger), a population of
rabhits is increasing over months.

When something decreases in quantity or size over time, it is called decay. For
example, a radicactive substance is losing its strength over years, a cup of hot
coffee is cooling down over time.

Example 12: The value of a stock follows the exponential growth model P(t) = P¢",
where F, is the initial stock price, r is the growth rate per year and 7 is the time in

years. Suppose a stock is currently valued at s, 5,000, and it is expected to grow at a
rate of 3% per vear.
(i) Find the value of the stock after 10 years,
(i) After how many vears will the stock double in value?
Solution: (1) The formula for the exponential growth is;
P(t) = Pge”
Given P, =5,000, r=

Using ¢"):

A
So, Afthestock alter 10
(\L

\J
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(i) We want to find r when the stock doubles, i.e.. when F(r) = 2F,. Using the
equalion;
2P, =F,d"
Dividing both sides by Fy, we have 2 =¢"
Taking the natural logarithm on both sides: In 2 =
and ¢ =In2/r=069310.05=13.86
So, the stock will double in value in approximately 13.86 years,
Example 13: The concentration of a pollutant in a lake, in parts per million (ppm),
decays over time according to the function

EHL—ig% N “‘iﬁgﬁfﬁké@;:j&ﬁm

‘ introduced!
: e pollutant after 4 days?

days will the concentration drop below 10 ppm?
100

Jeel

where 1 i5 the time in
(i) Whatis
(ii

s s

\
(0)

where ¢ 15 the

bl mt (1) The pollutant concentration function 1s Cif) =

time in days.
Concentration after 4 days:
100 104

Cid = = —= = 44 72 npm
e pp
The concentration after 4 days is about 44.72 ppm.
(it} When will the concentration drop below 10 ppm? Set Cif) = 1
100
0= =i +l=10=¢+1=100=F="09
Jr+1

Aller 9 days, Lthe concentration will drop below 10 ppm.

P EXERCISE 2.2 R

y=2x-1

Find the point of intersection of the cog

functions graphically: Q
1) y=-5x4 KXX
a0
VAVIANIN N
\J

3
(iv) y=3x+3
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Find the pointis) of intersection of the following functions graphically:
(1) Jfix)=2x+5, g(x)=—x+5
(i) fix)=3x-2, g(x)=10-x
(i} fix)=2x-4 | g(x)=3x-1

6 Fliie i, Hm %I+ 3

(v) flx)=x-1, glx)=x"—dx+3
(i) F()=3x+4, g(x)=2"+2x-8

Graph the lollowing [unctions:

(D) y=~3x

WL@Q =

(vi) r=23x-3

bailding's height over time is modeled by H(r) = 100 + 20¢ which is in metres
and ¢ is the time in months. The height of a growing tree nearby is given by
Ty =50+ 10¢ + £,
(i) Atwhat time will the building and tree have the same height?
(11)  What will that height be?
Sketch the graphs of both functions and determine the time when the tree will
overtake the height of the building.
A radioactive substance has a half=life of 2 years, If the initial quantity is

: , g 1 e
200 grams and the exponential decay function is Q=0 | T ’ . then find the

remaining quantity afier 6 years graphically?




