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Differentiation

INTRODUCTION

The ancient Greeks knew the concepts of area, volume, centroids etc. which are related
to integral calculus. Later on, in the seventeenth century, Sir Isaac Newton, an English
mathematician (1642 — 1727) and Gottfried Whilhe G. W. Leibniz, a German
mathematician, (1646 — 1716) considered the problem of instantaneous rates of change.
They reached independently to the mvention of differential calculus. After the
development of calculus, mathematics became a powerful tool for dealing with rates

of change and describing the physical universe.
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13.1 Tangent to a Curve at a Point ‘
Let P(x, f(x)) and Q(x + 8x, f(x + &x)) be two -‘r @

(8] +Eﬂ fix + &)

points on arc A8 of graph of f defi |@1 N j
equation y = flx) as shown in Fl;_.,
et

Where dx is the in
as delta x)

=

S M N
81]:‘1[ ol the curve and slope of PE
Figure 13.1

scedt fine pasamg through P(x, fix)) and Ofx + bx,
fix + ox)) is: m,_ RQ Jilx+dx) - fix) (1)
PR ax

Where my. is slope of the scent line.
Revolving the secant line PQ towards
P, some of its successive positions

PQ. PQ., PQ..... are shown in the

Figure 13.2. Points @0=1 2,3, ..} oy

are getting closer and closer to the —-“"#‘,"":':" >
g G =T OFf'S M N :

point Pand PR i.e.éx(i=123,..) Figure 13.2

are approaching zero,
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- The revolving secant line becomes the tangent line PT at P while éx

ches zero, that is,

Slx+8x) — ()
ox

et

m, = Lim
L T
where m denote the slope of tangent line. we sce that m_ is the limit of m_ as Q

approaches P along the curve y = flx)
Example 1: Find the gradient and an equation of tangent line to the graph of

fix) = x*—2 at the point P(—1, —1).

Selution: To find the gradient or slope of the tangent line at point {(—1, 1), putx= -1
in equalion (2)
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Now to find the equation of tangent line we use the point slope form of equation of line
with slope = —2 and point (—1, —1)

y—(=D==2( x>-{-1)}) = y+1=-2x-2

or v=-2x-3_ which is the required equation of tangent line.

The graph of fand tangent line are shown in the adjacent Figure.

13.2 Derivative as the Limit of a Difference Quotient

Let f'be a real valued function continuous in the interval (x, x,) < £, (domain of /),

then difference quotient AL L (i)
X=X




provided this limit exists, is called the instantaneous rate of change of fwith respect to
x and is written as f {x).

If x =x+dx e, x,—x=dx, then the expression (i) can be expressed as

0oy
and oo S+ 8x) - f(x) Gii)
= '1_.'. ’.??l Sx 11

provided the limit exist, is defined to be the derivative of f(or differential coefficient
of /') with respect to x and is denoted by /'(x) (read as */— prime of x”). The domain of
S consists of all x for which the limit exists. If y= D and f'(x) exists, then fis said to

be differentiable at x. The process of finding /' is called differh@@@
Anee gf a O

ping’the motion of an object
mOving in a strai ' : S s typically analyzed using position, velocity,
and acceleratic b are-altrelated through denvatives (rates of change).

sus time graph provides a simple interpretation of the average velocity
a given time interval.

Suppose a particle moves in a straight line and its position at time ¢ is given by the
function 5(/). The average velocity over the interval from ¢ to f denoted by v, is
defined as:
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Equation (i) also represent the slope of scent line passing through the points
(2.s(r)) and (#,s5(¢,}). If the interval ; —¢ is not small, this average velocity does not

accurately represent the rate of change at time 1.
To illustrate this, consider a particle whose position at time ¢ (in seconds) is given by a

funetion y(¢) = ¢* +¢ in meters. The average rate of change over various time intervals

2o

starting at / = 3 seconds 1s shown in the table below:
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{\\”r\eh\ﬂzéﬁtnr—‘isccs t= 3 sees o 1= 4 secy i =3 sees 1o ¢ = 3,5 secs
Avmp S5 —st3) 3012 s@)-4» _20-12 S 3
8 =8 |s(3.5)-x(3) 4 —74
velocity 5-3 2 4-3 1 T R .
Y IL’]' T ik-vl'. | I I
50 50
40 40
30 30
20 20 :
RS §2=098
g1 2343619 12345619 123456

We observe that these values are not closely approximate the particle's velocity at
exdetly 3 sceonds. To obtain a better pproximation of velocily at x = 3, we use smaller

intervals:

Interval

Average velocity

{ =3 sces o 7= 3.1 secs

103 n +31*-1'> 07§ W@

Qo
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0.01
\;\B ’f(ﬁ.ﬂﬂll]‘ +3000 12 0007001
6 1 secs = = 01l
3.00]1-3 0.001

We see as the length of the time interval decreases, the average velocity becomes
mstantaneous velocity at ¢ = 3. Based on the trend. we estimate the instantaneous
velocity to be approximately 7 m/sec.
Thus, over a sufficiently small interval, the velocity changes negligibly. If 1 is very

close to 1, the average velocity over ¢ — ¢ approximates the instantaneous velocity at 7.
As i approaches ¢, the average velocity is called the instantaneous velocity.

This 1s similar to approximating the slope of a tangent line by calculating the slope of
a secanl line. Mathematically, the instantancous velocity denoted by vig 18 given by

the following limit:

v, =Lim

I =*i

i~

5(F)

(Provide the limit exist)

For convenment, 1f t, =t+6t, then as {, — ¢ =>d1 — 0, thus above equation becomes:

v =Lim

st ir iy

sl +d1)—s(1)
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EWW&MMM&DWW velocity is the derivative of the position function s(#)
with respeet to time.

Example 2: A particle moves along a line such that its position aller ¢ hours is given
by: s(/)=4# + 2t + 1{in miles)
(a) Find the average wvelocily  over  the mmterval 2, 5]
{b) FFind the instantaneous velocity at 1 =3
Solution: (a) give position function s(f) =4 + 2t + 1, where 2<¢< 5
The average velocity is over the interval 2<7< 5 1s:

_s(5)=s(2) _ 4(5) +2(5)+1 _[4(2}%, 2(2)+ ']
5=-2 3

IH1=21 Q0 iy
——mio 30 mileshours

Average velocity= Vo

(b) Instantaneous velocity can be found using the formula @@)m
—————
"

= Lir
e =0 &f
4342680 4+480" ~43 26874 4817
=Lim - = Lim -
B —0 ar & =0 or

o 26 | 4d
" dl r‘_| dr )

&= Lim[Zﬁ 3 451‘.}= 26
=0 O w0
Thus, instantaneous velocity at £ = 3 1s 26 miles‘hour

13.3 Process of Finding Derivative f"(x) by Definition

13.3.1 Notation of Derivative
Several notations are used for derivatives, We have used the functional symbol f(x),

for the derivative of fat x. For the function y = f{x).
pHoy = fix + dy) @ o@‘@
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Dividing both th %’ e get

w’ x+ ﬁr} ;'"[ r) g

Tdkmg limit of hnth the '-.lti{:!-. (:uf {v) as dx — (), we have
LimE = Lim Jlstoxy (X
fr —+ 1 a\d &r—0 ,ﬁ'_\_a

L vi)

L]m&—ls denoted by d_ s0 (vi) is written as i— 1ix)
0 Gy dy dlx

- The symbul afy is used for the derivative of y with respect to x and here it is
not a quotient of dy and dx. %i&- also denoted by v

Now we write. in a table the notations for derivative of v = flx) used by different
mathematicians;
Name of mathematician Leibniz Newton Lagrange

Notation used for derivative dy m' if_f_ M@Og%}
_ Y| ¢ @z\gs&%f{r Tox)—f(x) becomes [
‘% Ae i (hie i wdent variable, in Lhis case, 15 x — a.
b )

03 0%)= 1) i written as /()= f(@) (vii)
o x—da

If we replace x | 5
(x)—/(a) and the ¢

So, t

Taking the limit of the expression (vii) when x — a, gives Limm = f'{a).
L=%4 '\'—a

Here f"(a) is called the derivative or gradient of fat x = a.

13.3.2 Finding /°(x) by Definition of Derivative

Ciiven a function £, then f{x) if it exists, can be found by the following four steps:
Step I:  Find f{x — &x)

Step 1: - Simplify flx + 8x) — flx)

Step II1: Divide fix + 8x) — fix) by &x to get f(".*'ag} —/(x) and simplify it.
X

Step 1V: Find Lim flr+ie)—Flx)

Ha sl m
The method of finding derivatives by this process i1s called differentiation by definition
or by ab-initio or from first principles.




¢ derivative of the following functions by definition
)" fixy=e b) flx)=x*
{a) Forflx)=c¢
(N Ax+td)y=c
(i) fixtadx) fixx=¢ ¢=0
(iii) S(x+8x) - f(x) v i
o ax ay
Silx+dx)= fix)
dx

=0

(v} Lim
dy -»

0

= !..[n?}(ﬂ‘,l =0
S = - d
Thus, f(x) = 0, that is, T (c)=0
dx

(b) Ax)=
(i) flr+8)=(x+dxy
(i) Ax+8) fl)=(x+dxp o =+ Db + (Bx) 27 =( 2t ) bie
(]") f{f'l't\ﬂ.jl f(.l':] (z.l"l-bx}bt

=2x+d8x, (Bx=0)

fx

Lim - Hﬂ'&ﬂ f() = Lir m @ @©
{1\.’} br—+ 1)

iic* @

F' r.)[" -J_ al x = [rom [irst principles.

§ Fix)= y"_ . tlhen

(i) flx+8)=+x+dr and (i) flx+d0)- f(0)=vx+ar—fx
- (x+ dx =X W+ ox +/x) {mtionalizing the ]
- Jrtax +x numerator

X+dx—x

mw’_

Le, [flx+dx)- f(x 1
(iii) Dividing both sides of’ (1) by ax, we have

Slx+dx) - f(x) d
fx x(vx + 8 +r)

| ,
T o o

’é

Example 4:
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(iv) Takin mmg as & — 0, we have
(.r+i‘ax} fix) L l“’ ]
Lin{ e

E‘: —+ [I ﬁl‘ L

(x>0) and f(a)=——

: ” |
g 2a
Alternate method: ~ Putting x =ain f(x) =[x, gives f(a) =Ja
So, f-flay=+x—a

Using alternative form for the definition of a derivative, we have

f(x) - fla) _Nxa

xX—a X—u

_ W —Jayfr+a)
h—a]{-fﬂf_)

I{t H]{J;+ﬂ"_) x+Ja (Iim W‘@ m

(rationalizing the numerator)

Taking limit of both the sldee of’
Lim f (x)—

£ JEW'_

‘WW “” -

which is the gradient of fat x = a.

Example 5: If = Lj then find dl at x =— 1 by ab-initio method.
&* dx
Solution: Ilere, y - Lﬂ 50 (i)
2
1 >
Ly e (i)
(x+3y)

Subtracting (1) from (i1), we get
O D B et C 500
(x+dx) ¥ X(x+dyy
_ {5+ (x+ax)} {x - (x+dx))
(x+dx)




_ (2x+8x)(-8x) _ —Bu(2x +6x)

= — (i)
X ()’ o x+ dx)
Dividing both sides of (i) by 8x, we have
dy  —ax(2x+dy)  —(2v= i) (5 £0)

fr  x(x+dax)’ Gy T x(x+axy ’
Taking limit as éx — 0, gives

Lim 2 = Ljm 22 3]
G0 By Av—sl oyt (x+ ﬁx}
—(2x) - 2 5 s
- Z20) {Using quotient theorem of limits)
dx X del,_, (-1 -1 dx

The gradient of fat x=—1 ism=2,

O Y o

13.4 Derivation of x" wh @@
m when n is positive integer.
a} en
W} v By = (x4 5x)"

=(x+ax)" - x"
Using the I:lm-;)rmal lhcurcm, we have

by =| o b s P e ey s +(8x)"| —=x"
2 |
e, dv- ﬁx[ru i ”"’B T ] +-|:6.v}""|] (i)
Dividing both sides of (1) by éx, gives
S L Py MY R (i)
Bx 12
Note that each term on the right hand side of (ii) involves dx except the first term, so
taking the limit as dx —» ), we get dy =nx*"!
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(b) Lety= n-e mteger
:q sa pomtwe integer), Then
e >
o e (i)
:
: 1 i
and y+dy = 1)
y+aoy 1+ 00)" m
Subtracting (i) from (ii), gives
1 I 2" —(x+8x)"

(x+8x)" x"  2"(x+ b))

o m(m_ [} - 2 i
o - 2" AR o+ (FX)T
2 (Dx) (#x)"]
X" (x+ox)”
(expanding (x + &)™ by binomial theorem)
[ =
I\ m-l m[m l:l m"lﬁl_+ "’(a}:)“ I

- o
- m%@ B e

Taking limit whe
Wﬁwﬂ; " (all terms contaning & x vanish)

Note:
Y
e 2 (") =™ is called
=nx"" [v—m=mn] ilx
" power rule. Where ne R
d ':I) n i gy
or — =

dx
So, we have proved that di(,r_“) =mx", fnelZ
x

The above rule also holds if n € O— Z. i.e. for rational powers.

2 Lo
For example, i(x-“}: E;‘ e i
dy 3 :
£
The proof of .’5_:.‘_‘-").— nx" ' when pe @ — Z is left as an exercise, m
oy
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11.. ‘een Derivatives and Continuity

puwcrh.ll branch of mathematics that allows us to study change and
mulmn T\MJ of its foundational concepts of continuity and derivatives are decply
conneeled. While cach coneept has ils own delinition and application. understanding
how they relale 1o cach other is essential for solving real-world problems in
mathematcs.
As discussed in previous units, a function is continuous at a point if its graph has no
breaks, jumps. or holes at that point. On the other hand, the derivative of a function at
a point measures the mnstantaneous rate of change or equivalently, the slope of the
tangent line at that point, However, this definition depends on the function being well-
behaved around the point. This leads to a well-known result:
If a function is differentiable at a point, it must also be continuous there. This means
that differentiability implies continuity, but the reverse is not necessarily true, For
example, consider the function flx)=lx| , clearly this function is continuous at x =

Figure 1.1). Now we check the differentiability of fix)=|x] atx
9= a @@
F0y =[0] 0 g

Wy

h

0

Th el
us fix= Lm}IM

Because |[dx] = &x when dx =0
and |éx] = &¢  whendr =0, 5
so, we consider one-sided limits
. o , Oy hR —dix
Lim u = Lim _—T:I and Lim lbx_l = Lim =-1

fiy =01’ hx ] b.‘_' Sy == e =+ 11 ht'

Figure 13.3

The right hand and left hand limits are not equal, therefore, the Lim % does not exist.
A =0 X

This implies that derivative of / at x = () does not exist, and thus, there is no tangent
line to the graph of fat this point (see Figure 13.3). however the derivative exists at all
other points of fi.e., it is | on the right side and 1 on the left side. A function can be
continuous at a point but not necessarily differentiable there. @(@




l. ind by delmition, the derivatives wor.t. “x” ol the [ollowing functions defimed as:
i) 20+l () 2—x iy L ) =3

Jx

2. Find dy from first principles and lind gradient of the curve at the given point:
dx
! 2 1
i Jx+2atx=6 (i) atx=a
Jr+a
3. Find the derivative of x* at x — § from the first principle.
3. Find the derivative of x* + 2x + 3 by definition,
4. Find from first principle, the derivatives of the following expression w.r.t, their

respective independent variables:

M) (3x-2)° G @x+3)° (i) (ax+b) ©m
S. Find the gradient and equation of dnyrent §pE o CD@:Z_
6. For the funetion flx) = 204§ \¢; - gabwpy Ll thg tangent line at x = -1,
Ydn

7. Find the coordyiales.s i d the equation of the tangent line
for ix) =x"- ]
8. Findyt s e curve f(x) = 3¢ + 2xatx = 1.

e tradient and an equation of tangent line to the graph of fix) = \E at

k=

b R

|0, The position of a car after ¢ hours is given by: s(/) = 2/7=37 + ¢ (in kilometers)
(a) Find the average velocity over the interval [I, 4]
{(b) Find the instantancous velocity at (=2

1. A stone is thrown upwards and its height after r seconds is given by:
s(t) =—16¢ = 32¢ + 10 (in feet), Find the instantancous velocily al = 1

12. The outdoor temperature (in °C) over time is modeled by: T{t)=—¢ + 12t + 10,
where ¢ is the time in hours, Find the instantanecus rate of change at ¢ = 2.

13.6 Theorems on Differentiation
We have, so, far, proved the following tow formula:

| 8 i(t,-) ={) Le., the derivative of a constant [unction is zero.
dx

2. t%_ (x")=nx""" power formula (or mle) when » is any real number. m
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r mecmmt formulas (or rules) which are used to determine
5 of different functions efficiently, Henceforth, in all subsequent discussion,
f 2, h etc, all denote functions differentiable at x, unless stated otherwise.
3. Derivative of p = cfix)
Proof: Lety =¢f(x), Then
(i) y+é =cfixt dox)and
(ii) y+8y—y =cflxt &x)—cflx)

or &y = ¢ flxr 8x) —fx)] {Factoring out )
(i) By _ I{f{x +8x) - fi[.r}l-l
dx i '

Taking limit when dx — ()
f(x+hr)—_f(x)|[= o i L8002

ax B —4 0
A constant factor can be taken out from a limit sign ©m
Thus, W—LP[I‘} that is L,f[.t)] -tf&jr @
Example 6: Calcu {Usmg Formula 3)
4 H i .
=3x— 1 x* {Using power rule)

4,  Derivative of a sum or a lll”t‘l’t‘lltt‘ of Tunctions
If f'and g are differentiable at x, then f+ g, f— g are also differentiable at x and

. . L B ce =4t Lo
[f(I]"'S(I}I = f1(x)+ g'(x), that ﬁﬁ-dx[ﬂ_l}"’ g()]= e LA+ e [gtx)]

(1v) leb—} = Limle

dr +0 fy B0

Also [ f(x)-g(x)] = £'(x)-g'(x), that is.iu‘m—g(m =%Lf(-ﬂl—%lgirﬂ

Proof:  Letd(x) =flx)+ gl(x). Then
(i) ¢+ 8x) =fx—_8x) + glx + §x) and
(1) @lx+dx) —@lx) =flx + dx) + glx + &) — [Ax) + g(x)]
= [ flx + dx) — fix) + [glx + 8x) — g(x)]  (rearranging the terms)
(iii) ¢(x+8x)—¢(x) _ flx+8x)- f(x} +g{x+&t)—g(,r)
ox dx A
Taking the limit when dx — 0




[f(x+ﬁrl— Jx)  glx+8n)- alx)
e B Ox l

L mj(.\*+m:j—_f (x) +L-immx+ dx)— glx)
fix =10 o Sx— A

(The limit of a sum is the sum of the limits)
¢'(x) = Fix) + g'(x). that is [fix) ~ g(x)]'=f{x) + g" (x)

dp. A= 2ol
or E[_,{(x)+g{.t}] ;{x[j(I}]+c£r[g(x}]

The proof for the second part is similar,
Sum or difference formula can be extended to find derivative of more than
two functions.

Example 7: Find the derivative ol 1_%_1- +Et +lt 2 e SWL X,

Solution: ,s=gx4+2r +lr +2x+5 @ ©©
& g rghi g @
Differentiating with respect to x,
' ) \ d
ST (1) 4(Le) L e L
dx 4 dr' 3 ar 2 il dx

_[:I =}+ z.im-{j (Using formula 3 and 1)
dx
3 4-1 2 =] | 2-1 1~=13 ; ;
=;(4x _‘.I+E{3.‘c )+5(2r )+2(1.x"7) (By power formula)

=30 +2x° +x+2
Example 8: Find the derivative of y = (x* — S)(x* + 7) with respect 1o x.
Solution: vy = (" S 1 =21 3571 T2 1 35
[hfferentiating with respect to x, we get

d‘t

—':i[r +35x" 4+ 75 +35]
dx  dx

= %(x"ﬂij—;x”ﬁ?%{x’ﬁ i{SS} (Using formulas3 and 4)

O e L] 1
=555 30 4 T2 40 c @@@
=5x*+152" +14x .10
Q
WWWOQ




Find the derivative of y = 2Jx +2)(x-Jx)

Solution: y= (g.\f_;.g. 2)(x— .J_;)
=2 + 11 (=1 = 24 e (r + D - 1)

3 I
=2{x(x=1)=2(xT = x7)
Differentiating with respect to x we have

dy o . 3 1
—— 2 = 2
ol et

also differentiable at x and

3 Fanil & e diffe \ RS
M&‘i W= xgx) + £ (x) g'(x), that is
‘i i I
—[f{x)g(x)] _[EU f-ﬂ]?‘ £ix) +f (x)’tdr[g(ﬂ]]

el

=3x _x—’z:;{_%:k_x' O@@)m
5. Derivative of a (®W@

Proof: Let ®(x)= f(x)g(x). Then
(1) @lx — o) = f(x + dx) glx + dx) and
(i) ¢lx + ax) - dlx) = f(x +8x) glx + o) - F(x) g(x)
Subtracling and adding f(x) g(x + 8x) in step (11), gives
plx =) Bln) = £ (e + Bx) gle + Bx) £ () glx + &) + £ (x) gl + )
Ax)glx)
= [flx + &x) —f(x)] glx + &x) + /(x) [ glx + ax) — g(x)]

glx+8x)—g(x)

2 o

(i) B+ -d(x) _ [f{.w 8x)— f(x)
o B
Takimg hmit when dx — )

arorid)

]g(_l‘-* ax) + ﬂﬂ[

Q




ek glx+80)-g(x)]
s a el se S B

= L ORI s ot o Ui ) L B 5028
ar sl ar E ] fr vl dr il ﬁ;:

(Using limit theorem)
Thus ¢'(x) = £'(x) g(x) + f(x) g'(x) [ Lim g(x +81) = g(x) ﬂ

or *[ftr) g{:}]-hlf{rﬂ glx)+ f{x}[ z{xﬂ

I
r

o] Lcnt)= 0

Example 10:  Find derivative of y = (24¢ | 2){x —+[x) with respect to x.
Solution: ¥ ={(2+/x +2)(x—+x)

@
Differentiating wi . @Q@@Kﬁw@
M mﬂu ~x }]

(J;-HJ *{x '-.f_}+(ﬁ+l)_.[x J_):‘

|
[% | x"ﬁ)”ﬁ-‘gﬂ}x[n%xs" ﬂ

4

2 | (= )+ (T D x [.___1__]}

J_ 2\[;
X—Ix (o.0x—1
Lﬁ | 2 H

_%[ ‘J-+2t J—+2J_ |)]

o el
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uotient (The Quotient Rule)

6 M & ) & .
If fand g are differentiable at x and g(x) # 0, for any xe D(g) then - is differentiable

g

at x and [-"r (x) ]r - S glx)=f EJ\‘J g (x)
H(x} J [g(r)]‘

Shsielage o s
it ie 4. lftx)l _[ x[ftl)hg(l’) ffx]l‘“dx[g(x“jlj
(x)] Tt

Proof: Let g(x)= ‘“} Then

_ flr+ox

glx +dx) = o @b@@Jm

(ii) ¢{x+&r}—¢(x)=ﬂx'{-&r)—f{x} W*@@Q’}\

GO aTa

numerator of step (1), gives

(i) @(x+dx)

= F{x)g(x)— f(x) g{x+dx)+ f{x) 2(x)
glx) glx+dx)

[(f{x+dx)= feNglx)= flx)(glx+dx)- glx))]

 glx) glx+ax)
(iif) DX+ ) =g {x) . I [_f"f.n--iir]f—f{x} : 2lx+ iy —g(x)

dAx #(x) glx+dx) s 8(x)=f1x)-
Taking limit when éx — 0

(iv) LimPL+88) 400
dy —a i ax

s 1 Jx+de)-flx) . .o glx+dr—g(x)
o r!:m[gm g(ﬁm}( ™ 2(x)- f(x) R ]]

Using limit theorems. we have
Lim g{x+ #@W

|.1ﬁ\\' |

)= —— 10 e £ (-
glx)- g
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m«f&@%% -

M) _ ) g0 - f(x) g'x)

L&(x) [e()
e : d 1
-~ i{;f{x) “L [EU (.r))||§{xll - fix} {E{g(ﬂ)‘]
del g(x) ) (2P

2x' =3x" +5
41

2x -?Jx' + S' Then
x+1

F=2x"-3x"+5 and g(x)=x"+1

Example 11:  Differentiate with respect to x.

Solution: Let g(x)=

Now Fx)= ?[h‘ 37+ 5]=2(3x7) - 3(20) + 0 = 617 — 6x
X

and £x)= %E.ﬁ +1]=2x+0=2x W@ 0@@@
f;;%gl’,&\@&fg\ 12 We obtain
[N

1 (62" —6x)(x* +1)— (2% —3x" +5)2%)

NN ACE
by 60’ 4 6x’ - b (dx' - 6 4 10x)

(_.'(‘2 +]_]l2
_6x* —6x" + 61" — 6x—4x” +6x" — 10x)
a (x* + 1)

2t +6x7 —l6x
(x* +1)°

P EXERCISE 13.2 _d

Using the quotient formula ¢'(x)\=

I. Differentiate w.r.t ‘x°,
2x=3
2x+1

M) F+2240 (ii) .r“‘+2.r—%+3 (iii)




(x) =X (!:i}
a+x |
2. lll“j -I.::IT il‘_ll'—_ *'N(-;+l:".1l‘_ _!’ ‘(.‘ ;—[:'
LAY -

vl =1

(Jx+1)(x? =1
r 1

: Tl ¥

: = e
4. 1y Z\I’.\’ - . Show that 2 dy . = 3‘."-.'_

‘JT ey ﬁ
If y=yx* 4+ 2 %% +2, prove thal ‘—JII =4x -
- = 4y ﬁw @©

13.7 Application of Di

We will apply conceg
diminishing return .

Differentiate with respect to x.

II-‘

n

spread o N ent ol particles, time-speed in transportation, structural
sh "'LJ required that 18 changes in construction).
Profifs on Diminishing Returns

Example 12: A company's profit function is given by P(x) = 100x — 5x* ,where x is the
number of units produced. Determine the marginal profit when x = 8 units.
Solution: The marginal profit is the derivative of the profit function with respect to x.

F[.‘t)-if] e — 3x" )= 100—10x
dx

Now, substitute v = 8: P(8)=100-10(8)=20

So, the marginal profit when 8 units are produced 1s 20 (in the given currency).
Movement of Particles

Example 13: A particle moves along a line according to the position function s(f) = 4¢
-3¢ + 21, where (1) is the position and ¢ is the time in seconds. Find the velocity and
acceleration at ¢ = 2 seconds.

Soelution: Velocity is the derivative of the position function:

f o
=—(d = +20=12i —0t+2
wii) :.f:.l + 2r) @

3




Unit ) 43, m...@m

w(2)=12(2) - 6(2)+2=48-12+ 2 =18
So, the velocity at £ — 2 1s 38 m/s.
Acceleration is the derivative of the velocity function:

d b ]
)=— (12 =614+ 2)=241- 6
i a'xl 2)

Substitute t = 2
a(2)=24(2)-6=48-6=42
So, the acceleration at £ = 2 is 42 m/s°.
Material Required in Construction
Example 14: A cylindrical tank is being constructed. The cost C to build the tank
depends on the radius r of the base, and is given by C(r) = 3000z + mm_ann where
the first term represents the cost T of the base and the second term represents
of the walls, Find the radius that minimizes the construction ¢

Solution: First, find the derivative of C(r):

C(r) = fﬁnnﬂw +‘°“°°° 0007 @g
To minimize the ¢ . |

10 ﬁ

iply through by 7 1o eliminate the fraction:
L0000 = 100000
Solve for r:
. 100000 10
100007 =
2 11
= (ﬂx = 1.336

Ty

So. the radius that minimizes the cost is approximately 1.336 units.

Fimancial Investments

Example 15: A bank offers a compound interest rate on an investment, and the value
of the investment after ¢ vears is given by F{7) = 5000(1+0.04t)". Find the rate of change
of the investment value after 10 years,

Solution: The rate of change of the investment is the derivative ol F{r) with respect

210

V()= %ISUUWI £ 0040 ) = SOMOE2HT -+ 0,047 )(0.
[
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! O
FU0) = 4001+ 0.04 ¢ 10) = 400¢1 + 0, 40) = 400 1.4 = 560

So, the investment is growing at a rate of Rs 560 per year after 10 vears.

Structural Stress

Example 16: The stress on a beamn under a varying load is modeled by S(x) = 500x —
2x", where S(x) is the stress in pascals (Pa) and x is the distance (in meters) from the
beam’s fixed end. Find the rate of change of stress at x = 5 meters.

Solution: The rate of change of stress is the derivative of S(x) with respecttor,

§'{x)— % (500x - 2x% )= 500 - 62

Substitute x = 5:
§'(3) =300 6(5) = 300 6x 25 =300-150= 350
So, the stress is increasing at a rate of 350 Pa per meter at x = 3 meters.

EXERCISE 13.3 m
’ u @ %@ley by
Ruc Liepie

~ - ~ o=
pPthie function S(y) = 100 — 5x°, where »

I. A car's position at time t is a‘:i\-ﬁs ¥

dilTerentiating the position (gt
2. Swructural stréSy\ob f
N ol the bridge. Find the poinl where the stress 18

ate the rate of change of stress at that point.

pany's revenue funclion is given by R (x) = 1000x —10x°, where is the
number of units produced, The cost function is C(x) = 300y + 2000,

(a) Find the profit function P(x)

(b) Determine the marginal profit whenx = 15

(c) Find the number of units that maximizes profit

An investment grows according to the function A(r) = 10000(1 + 0.0357)", where
A(#) is the value ol the mvestment and ¢ is the time in years,

(a) Find the rate of change of the investment after § years.

(b)  What is the investment value afler 8 vears?

(c) Determine the time at which the investment is growing the fastest,

The position of a particle moving along a line is given by s(f) = 5¢' — 12¢ + 8¢,

o

LA

where s(1) is the position in meters and 1 is the time in seconds.,
(a) Determune the velocity of the particle at { = 4 seconds.
(b) Find the acceleration at £ = 4 seconds

(c) When is the particle at rest? m
ENANCEON
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position of a car traveling along a straight highway is given by

W)= 307 41, where ¥ (1) is the distance traveled in kilometers and ¢ is the ime
in hours,

(a) Find the car's velocity at # = 3 hours,

(b) Determine the car's acceleration at ¢ = 3 hours

(c) After how many hours does the car reach its maximum velocity?

The stress on a beam under a varying load is given by S{x) = 400x —x*, where S(x)
i5 the stress in pascals (Pa) and v is the distance from the fixed end in meters.

{a) Calculate the rate of change of stress at 6 meters,

(b) Find the distance where the stress is maximized.

{c) Is the stress increasing or decreasing at x — 6 meters?

The cost (Xr) to construct a cylmdrical tank depends on the radius of the base.
| 50000

and is given by C(r) — 8000~ 1 . where the first term represents the eqst
.

of the base and the second term represents the cospu {W @@
T . @ } o)

osl at r= 4 melers.




