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%M%nometnc Identities

INTRODUCTION

In this section, we shall first establish the fundamental law of trigonometry before
discussing the Trigonometric Identities. For this we should know the formula to find
the distance between two points in a plane.

10.1 Distance Formula: (Recall)

Let P(x,.v,) and @(x..v,)be two points. If“d " denotes the distance between them,

then 4= PQ| Jnx x} |(J,|—|,‘J W @ m

Example 1: Find dista f' lowing points:
“’WW‘ ° B(5.6)

(i) Pleosx.cosy), O(sinx, sin ¥)

Solution:

(i) Distance = | AB |=4/(3=5)" +(8-6)" =4+4 =22

(i) Distance = 'E)l = J{msr— sinx)* +{cos ¥ —sin y)°

| 2 - - 7 - .
yCos” x+sin’ x—2cosx sinx +cos’ y+sin’ p—2cosy siny

i E - -
= J2—2cosxsimx—2cos )y sin p

+2=2(cos xsin x+ cos v sin y) m

10.1.1 Fundamental Law of [b'"' T @W@ @
Let o and F be any TWo-g @

’@@1 +sina sinff
which iw

ed the Fundamental Law of Trigonometry.




17H 3

Unit QT

o)
Proof:  For our con
Consider a unil-gi I& with ‘tentre al

origin

Let terminal sides ol angles o and f cul
the unit circle at A and B respectively.
Evidently m£AOB=a - §

Take a point C on the unit circle such that
mSXOC=mAAO08 = a=f,

Join 4,8 and C.D.

Now angles e, #and e — f are in standard position.

The coordinales ol 4 are (cos @, sin ).
The coordinates ol 8 are (cos 4, sin /)

The coordinates of C are (cos a — &, singe — 4 ) 6 m

and the coordinates of £ are (1, 0,

O
Mow AAO8 and ACOD are con 1%@ i heorem]
Therefore. AR =@ ; Bl = |(1}|’

mula, we have:
(cos'er — cos B)Y + (sin @ — sin §)° = [{cos(e—B-11" + [sin (a—F) - 0]
= cos* a—cos f -2 cos acos §+ sin® o~ sin’ F- 2sin a sin B
= cos{a — ) + 1 - 2 cos(a — ) + sin’(a - )
= 2=2(cos acosF+sinasinf)=2=2cos(ax - )
Hence cos (@ =)= cos e cos F+ sin a sin 5.
Although we have proved this law for a = 8= 0, it is e for all values of o and 4,

Suppose we know the values of sin and cos of two angles o and &, we can find
cos{or — ) using this law as cxplained in the following cxample:

Example 2: Find the value of sin f;—:

£

S T

Solution: As E =T59 =45+ ) = E+— @ @©m
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10.1.2 Deductions HKY

I.  We know that: &
RISt

Putting &= = in it, we get

el

civs o cos -+ sin aosin

3 b3 "
gl —— cos—oos 7+ s1m—sl
| 2 p ] e PR R

= cus(%—ﬁ ]= O.cos @+ 1, s8ing

cos(— =
2

\

e
\.."::,-' [

Il

i

=

2. We know that

cos (a-f) = uﬂ‘l

Putting f=-— init,

\%-m&a Cﬂ'-i[ +'='Hi'll'I"\'ITI[ EJ
@@1:[ i 3 3 2

: J‘I\ i A
sm| -—= '=—5m—=-l
L 2 2

4 :z.'] T
cos| —— [=cos—=10
L 2, 2

i

3
= CO08 a+%}= cos a . 0+ sin e=1)

L

T ] 5 -
GOV [—ﬂ'—rz = —KITVI (i1}
L 2
3. We know that:

COs @ - ﬂ] = sin 8 [{i) above|

Putting = 7 +a in n.%%%@ %& @@@W@ €O
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oriit

i b3
= Cos g — Sl (E-HI

: fJT .
5m| — 4+ |= COSa (111}
s

4.  We know that:
cos{ar — M) = cos e cos §+ sin e sin §
Replacing # by 4 we get

cos[a—(— )] — cos a@cos(—F) | sin a sin (- )

[ cos(-f)=cos m@@mn,@
= cos(er + )= cosar cosff @q@@@ﬁ@}o
5. We know that: Og@ KX

é;x ¥ o cos 7 - sin o sin
Rephci[w . We get

a0

F

=

i _ | . ,
cos L£+rx |+ﬁ = CO0s £+rch::.wﬁ—sin ﬁ—+a}sin[3
2 J 2 2
IR : ; .
— u0$[5+{ﬂf +ﬁ}1| =—sin @ cos ff— cos a sin §
=% —sinfa+ ) = —[sin a cos + cos o sin ff]
sin{e + ) =sing cos J + cosa sin ff (v}

6.  We know that;
sinfex + ff) = sin @ cos §+ cos a sin F [fro xr]@@m
Replacing # by — #, we pet o @@ @o
i e : s sin(—f) = —sinf
sinfe — /) @W%@Q& AT cos(=) = cos
Wiﬁ cos - cosa sing? (vi)
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7. Wel
cos{a — ) = cos @ cos f+ sinar- sin f§
Let=2xand f =
cos(2ar— ) =cos 2. cos &+ sin 2xsin &

B N {cos 2 = |
l-cos@+0- sind isini:.'::U
= cos ¢ (vii)
8. We know that;
sinfae— A) =sin - cos f—cos ¢ sin 8

sind2a— &) =sin 2x- cos - cos 2 sin &

=0_.cos #—1_sin H“@wl Waﬁ Co 2;r— 1

=_ (wiil)
, ) *-.mrf cos 4 4+ cosa sinfd
9. tan ex £ : —=
cos(e 4 B cosg cosf —sing sinf

sing cos /7 | cose sin ff Dividing
coser cosfi cosa cosf numerator and
cosa cosf sina sin g denominator by
cosa cosfd cosa cosfF cosa cosd
tan & + tan :
tan{af+,3)=—‘ﬂ {ix)
| = tana tan 7
: sinfear — /1) sinee cos T —cosa sin 9
fid. tan(cx— ) = / Fom fv - - ’[_
cos(er —5)  cosa cos ) sina sinfd
sing cosfi - cose sin D“‘ldmb m
_ cose cosf o cosa cchs;fi: 'o
COS msﬂ sm mtm by
cose ¢ cos o cos

% tan fi
Mﬁma tanf (x)
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For example, + &, 907 4, 1807 + o, 270 = a and 3607 + o are some allied angles of a.

Using fundamental law of trigonometry. cosia— 0~ cos @ cos f+ sin & sin 7 and its
deductions, we derive the following identities:

o

N : i i ?
o 2 T i T
sm[%—ﬁ" cos &, cus(?—fl |= sin &, taul E—H )={:{:it &
b o r AN

' : 3
l_-;in[£+|§I l=gos &, cus[£+9 '=sin &, 1ﬂn[£+9 ]= —gal @
‘ 2 / 2 | 2 .

4 o

Isin (r—N=sind ,cos(m—=0)=—cos @, tan{x—F)=—tan J
1si11 (w+NH=—sind, cos{z+)=—cos 0, tan{x + P =1tan &
s

o 5 b
sin{?i—ﬁ? —cos @ *uus[——ﬁ = —sin &, fanf @|@@&S\
: 2 2 (),-'I ) P
. | 3% 3 ‘ @ g b
sin +8 |=- % ,tan| =—+@ J= ~cot &
=¥ g )

L)

b
1
|

)

oL =

S;W& . cos(2 — )= cos 0, tan(27 — ) = — tan &
sin(2r+@)=sin & , cos(2r+&)=cos &, tan(2r + ) =tan &

The bove results also apply to the reciprocals of sine, cosine and tangent, These results
are 1o be applied frequently in the stedy of mgonemetry and they can be remembered
b using the Tollowing device:
s If @ is added to or subtracted from odd multiple of right angle, the
trigonometric ratios change into co-ratios and vice versa,
ie., sin 7= cos, tan T cot, sec T cosec

€.8. siu(%—ﬁ) ~ cos ¢/ and cos(%rﬂﬁ'} ~ sin &
L s

k-3

A
g - 0 3 FLTS e - ‘T s 2l
If & is added to or subtracted (rom an even mul @mmﬂclm

ratios shall remain the samg gg: \@@
3 So far as the si ﬂ s s concerned, it is determined by the quadrant

rm of the angle lies.

in whic rnin
elsia— N —sin .,  tan(x t 0)—tan 7, cos(2a— 01— cos




o

Measureof the angle” | Quad.
NNV f:‘l,l
W2, : -
sin +vie All +ve
T
—+8 orm— @ LIl &' X
2 | 2
iz
m+dor 5 ¢ m tan +ve cos tve
o L Hor2n-8 v .
2
. ] i |
{a) 1In mn] ——1‘?] un[Z—i—H ; Hin[%—ﬂ) and '-.1n| —-HB‘J odd

\ 2 \ 2

N b 3 5
multiplies of — are iny alved. 7@ O@@@

M 2= |will have terminal side in Quad. L

S0, sin [—2——31 cos

A

{ii) iL% +6 ]wi]l have terminal side in Quad. II,
i b
So, sin l%ﬂﬂ J= cos &

p
{iii) | 3%—0 ]-wili have terminal side in Quad. [11,
L ;s

So, sin ——61‘ |—-cos @O@@m

%@@mt R
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{WMH + @), cos(2r - #) and cos(Zx + &), even
O
multiples of %arfe involved,

Therefore. cos will remain as cos.

Moreover, the angle of measure
{11 {x— &) will have terminal side in Quad. 11, theretore
cos{az— 1) ==cos 7,
(i) {m+ &) will have terminal side in Quad. 111, so
cos{mt M =-cos &
{iii) (2x— &) will have terminal side in Quad. TV, so

{ivy (Z2z+ &) will have termrinal sid

Example 3: Without %&% > te down the values of:
(i} sin 2258 it} tan 600° (iii)  cot (=223} (v} cosec (—4207)

Solution: (1) sin 225° =sm (180 +45)° = —sin 457 = — 2

J2
(i) tan 600F = tan (540 + 60)° = tan (6 x 90 + 60)° = tan 60° = 3
(iii)  cot {(=225°)==cot 225" = =cot{ 180 + 45)° = =cot{4=H+45)" = =(=cot 45°) =1
(iv)  cosec(—420F) = —cosec 420F = —cosec(360 + 60) = —cosec(dx HHG0)"

——msecﬁﬂ“—i

|
sin(180° — &) eos(360° —8) tan(90° +0)
Sin(90° — ) cos(180F + ) an(270° + &)

sin180°-0) =sinf) , cos(360°0 ﬂs@@m
Solution. Because {tan(90°+8) =—cot ’%@ 9

Example 4: Simplify:

}=cotd

s R _ —sinfd
Eos 0~ (—cosd J-cotd —cost

= land
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AVeellk
IR,
XERCISE 10.1 _d
‘\\"Mu tables, find the values of:

(1) cos (= 1230¢) (1) tun {— 10357) (111} secl]1407)
(1v) cosce(— 690F) {(v) coul320®) (vi) cos (— 240°)

Express each of the following as a trigonomeiric function of an angle of positive

degree measure of less than 43°

(i) cos 168° (i) sin 192° (iii) cos 3337
{iv) tan 2137 (V) cos(—4357) {wi) sin 219
(vii) tan (— 53977) {viii) cos (—1117) (ix) sin (—3907)

Prove the [ollowing:

(i) sin(130° + &) sin{90 — @) — — sin & cos o

(iv) sin 21
P"\

tan( | 80 + ) cnt{i)ﬂ —r }
sin(360° — &) cos(270 +a )

9 %
sin’ {7 + &) tan[giﬂ'? J
2
(ii) e : =cos §
cot” vy 4 J cos’ (7 —0) cosec(2x —8)

b
cos{ " &) sec(—7) tan( 1 80F —&)
sec( 360° — @) sin( 1807 + @) cot(90” — {:‘)

1-- i f S o

i Y
Show that: sec ?—H wL-‘_ '—~——H ' Hn f*—f;' tm —- H-? —m

If ez, B,  are the angles of : jtmn@_m y—\

(1) qln{a+ﬂ}ﬂ%m “ see | = LSL';

{ii%ﬁ@w (iv) tan (e + ) = tan p= 0.
sin{ f+y)
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10.3 Further App
Example 5: \_

Solution:  L.H.S. =sin (e + ) sin{e — i)
= (sin & cos [F + cos & sin M) (sin & cos F — cos a sin )
= sin’ & cos’ f - cos® @ sin’
= gin® (1 — sin® g) - (1 — sin® @) sin® #
=sin’ @ — sin” @ sin” F— sin® §+ sin” @ sin”

ntities
a~+ /1) sin(a—f) = sin’ a—sin’ § (i)

= cos fil—cos” i (11)

=sin® @~ sin’ 8 (i)

—(1—cos’ &) — (1 —cos” )

=]-cos’ a—1+cos’ f

=cos” fi—cos” & (i1}
Example 6: Without using tables, find the values of all triga) l‘l uf 1057

Solution: As 105° = 60° + 45° ‘ @
sin 105* = gin {p0° + @ 607 sin 45°
J_.+I
2 A2 f-l 22
cos 105 = cos (607 + 45%) = cos 60F cos 45° — sin 60" sin 4357
B o o \{3‘ ATy
~2 )I\EJ_[

0 A0

|
2 G

tan 607 + tan 45

tan 03" =tan (60°F +45%) = :
1—tan 607 tan 457
" \EH & I+J§
T T il T
cot 103° = : I_ﬁ

tan105°  1—+/3

“'@@mﬁ@ o

"D_

and :
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Example 7.  Prove thx il i\l %

I\

Ba= lan 367 = la:‘m(45"' +11%)=

Solution: Consi

tan 45 + tan | 17

1—tan45%tan11®

sinl1®
_ l+tanll® I' cosll1® _-:ﬂsll°+sin11“’_l HS
T l-tanll® i LR “eoslI®—sinlle
coall®

osll + n]l
Hence e =tan 56
cosl I —'ﬂl‘l| 1

.
Example 8: Ifcos o — - %, tan 3 1?'_. the terminal side of the angle of measure o

is in the IT quadrant and that of & is in the III quadrant, find the values of:
(i} sin (o + ) {ii} cos (a +

In which quadrant does the l&rm
(e + ) he? @

Solution: We know théa

Thcn:ﬁlW@;X

As the terminal side of the angle of measure of & is in the 11 quadram, where sin « is
positive.

576 4

g 24
S0 N = —

: WY e 2F 10
Now sec i —+ fl+tan” fi =+ H[ﬁ; =k

As the terminal side of the angle ol measure of 5 in the quadrant 111, so sec # 1s negative

sec fl =— E and cos fi = =

As the terminal arm of the angle ulinii
Q
sin i = m

o (\INVN\U O
NINAVAS

13
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Q
sin (@ + /1) =§W Sa sin ff

— —t l — =
lzsh 1B/ L s 13 325 325
and  cos{a—F) =cosacos f— sin e sin S
7Y 5% [2aY 12Y_ 354288 323
G e
As, sin(a+ F)is-ve and cosia + f#)is +ve
Thus, the terminal arm of the angle of measure (@ + ) is in the quadrant [V,
Example 9:  If . 4, yare the angles of A ABC, prove that:
(i) tanea +tan 8+ tan ¥ = tan ¢ tan G tan y

B A ¥

ok [y
(i) tan > tauEHan tan +lsm

-

Solution: As o ., y are the angles of J.ABC therefcnﬁ]@ @@

e AT
| %m%@@

(i) tan{a~f)=1an

ix
tan —=1

ne tanf
tan  + tan f =—tan ¥+ tan @ tan 7 tan p
tan e + tan &+ tan ¥ = tan @ tan J tan y

@) As a+prp= 180 = Sl Logp

o gl
50 E+‘B=9[}“—?
2 2
™
tan [ﬂ! ’(] t.in(‘ﬂ]”——J
ik sl 2
¥
tan;kmuf—

[-m;—tdn’E: - @ @ m

) mﬁ%@

n—lan +1.dl'l— Lan = +l;m5 lan?=l
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Example 10: Expres ﬁ'+ .

of the angle of measuﬁ Jukg

Hu!ulmW =
and 4=

ek

rosin ¢ {i1)
Squaring then adding (i) and (i}

32+ 42 = 2 ppg? é+ r sin’ {fb

Dividing (i1) by (1)
. 2 2 P : 4 IEill;#
= Y416 =r"(cos'g+sing) -=-
3 rceosg
— 25 =47
4
— S 3 = tan ¢
= r=5
PR
¢ 3

Isin@+4cosd = r

S @@%

P~ EXERCISE 10.2 J

Without using table find the values of the following: Hint:

(i) sin 15° (i1) cos 15° (i) tan 15° :;r= [."';:—332]3"“
# 3 - K 5 | :‘“‘ = =4 Y
{iv) sin 103" (vl cos 105° (vi) tan 103 !

Prowe that: (i) =43 + a) J_ {sin & + cos )

(i} cos(a+45") = % (COS & — sin o)

Prove that: {1} tan {45“ + Al‘} tan (45° — 4) =

(ii) lan(-d:-»ﬁ' |+1:an i) s @a@é@ = cos &

gin & — cos &)
- ﬁ@’@ “ 1-tan0 tang _ cos0+9)

I+tanf tang  cos(f—g)
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. Shwmj@& cos(a = #) = cos® @ = sin’ § = cos’ f-sin’ a
" sl
I&}

nia + F)+sinfa - )

Show that: , , = lamn rr
cosfex + F)+cos{a — )

coter cotff —1

=Y

L

6. Show that: {i} cot(a | #)

cot e + cotf?
cota cotff +| ..., tang+tan sinfex +
(i) cot(a—4 = kot FOp 1 (i) ﬂ= : Lars
col ff = cota tanee —tan 7 sinfe —5)
7. Show that;
1+ tana tanf 1+cote tand

ity sin(a+f)=
seca seef? ) e cos e i secf

(iiy cot (-5 g +um o sin(e+ )

WSS mut infe— 4
w) o cot(et+ ) = (f \@
k‘;& s = :lL]I cwhere 0 < g- : and 0= 8« : .

(i) cos{e—f)=

cota cot +1

8. If sing-

7 ; 333
Show that sin{a—/7) —}1-1 .
o b : im B s
9. Hsmea=-— und cosfi= —h} where 2o < @< 27 and 7 g —_ Fmd
5 2 2
(i) sin{e+3) (i) cos (@+8) (1ii) tan{a+ 8)
(iv) sin{e— ) (v) cos(o—7) (vi) tan (e — f).
In which quadrants do the terminal sides of the angles of measures (& + &) and
(a— ) lie?
1. Find sin (e + £) and cos (e + ), given that

(1) wne= i Loos fi= 15; and neither the terminal side of the angle of measure

¢ nor that of #1s in the quadrant 1. @ @@m
®)
(ii) tan a=- % and sin # @ﬁ ; me minal side of the angle
of measure "m

i the quadrant TV,

I1. Proy — - = tan 64°.
cos 19 —sin 199
12, Prove that: cos{60° + #) cos(60” &) + sin(60° + &) sin(60° &) = cos 20
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13, Ife B » are the @ m  Fhow that

g cot——mt-— cot’ cot’
2 2

14, If o

15. Express the following in the form  »sin(@ + g)or rsin{# —¢) where terminal

1+ 3= | R0, show that: ¢ola ol J,“j +cot ff col p+col ¥ cola =1

sides of the angles of measures & and ¢ are in the first quadrant:
(i) 24sinf#+Tcos® (i) 12sin#—S5cosé (iii) sin #—cos #
3

S

(iv) Bsin? —6cosd v) — sm - cos & (wi) 13sin 8- 84cos

10.4 Double Angle ldcul'll‘ws

We have discussed the following results;
sin (e + ) = sin ex cos J7+ cos a sin 4

cos (e + 1) =cos e cos f—sine sinf and tan{a+ ﬁi ta“’?ﬂ%

We can use them to obtain the double angle

(i) Put B =o mos' m ‘i

sin (e 4 c:r} - Slll

Hence sin 2 ;
(i) Pu M ocos (o + ) =cos e ocos Ff—sina sin

COs(E = ) = COS @ COS o — SN g S0 i
Hence cos 2 @ = cos® a—sin’ a
cos2a =cos’ @—-sin’ @
cos2a = cos® a=(l =cos’ &) (v sinfa=1=-cos’ @)

= costa— 1 +cos’ o
cos2a=2cos’a- |
cos 2 a = cos® a—sin o
cos 2 @ = (1-sin® @) - sin® @ (- costa=1-sin® )
cos2a=1-2sina

? tan ¢ + tan
(1i1) Put f=eintan{e+ F)= -r—ﬁ'

|=tana tanf
P Mana +tana W@O
i GAE. e 1-tang 1 K @




O
N
LR 03 rrigonomer X\%@

M.m....un(,
10.5 Half"Angle Identities

The formulas proved above can also be written in the form of half angle identities, in
the following way:

3 5 2o 14 cosa o |+ cosea
(1) cosa=2cos ——-1 =2 08 —=s——— = cos—= -
2 2 2 2 2
o (¥ ; | —coger
(i) cosa=1~2sn* — sin” —=— = sin E=: T

sin® I—«:{ma
(iii) lan = i =t tan ——1 ’—:T':;:z
Sy { +COsar
(R 7 5 @O@©m
10.6 Triple Angle ldentltﬁ ZE}@@@W

ﬁ
E
g
=

(i) sin 3@ =3 sin a - 44 €08 3 = 4 cos’ o= 3 cos o

A

Proof: (i) sin3e =sin(2a+ea)

=40 2er cos o+ cos Do sin e
—2sinercos ecosa {1 —2sin’ @) sin &
=2 sin a cos” @ + sin o — 2 sin” e
=2 sin @(1 = sin® @) — sin a - 2 sin’ &
=2sine—2sin’ @+sine-2sin' @
sin 3 =3sine-4sin’ a
(i) cos 3 =cos 2o+ o)

= 08 2o 05 o — 5in 2 sin @
=(2 cos’ e — 1) cos e — 2 5in e cos e sin @ m
=2 cos’ @ - cos & - 2 sin’ & co @©
=2 cos® @ — cos é @
m R+ 2 cos’ @

cos 3 % CO%
(iii) Wm

n(2a + a)
= um ir + laner
l—tan o tang

N @m\m



Ztan e + tan e — tan’ o

siné + sin 7

|- tan’ @ — 2tan’e

Example 11: Prove that: = tanf
1+ cosd + cos X

N LHS. = 5mc‘?+23mﬁc1:)ﬁfi ;:-:mf}{'l +2cosf)
I+eost+2cos -1 cos@(l+ 2cosd)
sin &

= o tan0=RHS.
cosfd
e
Hence M—tﬂﬂﬁ‘
1+cos# +eos2d

Example 12: Show that

2sint! cosf

o
o s8I0 e

u

n- g
2aintt cosd

‘miuan K&m & cosd — :

cos” @ +sin° g

2siné cosd 2simf':’
= cos d o cosd
cos’ B +sin°@ cos @ sin@
cos™ ¢ cos” 8§  cos'd
2t
iy 28 2P0
L4 tan™ &

1 . 3
cos” @ —sin” &
3 a7

cios 24 =cost f—sint # =

(i)

2 .
cos” @ —sin’d

|

sin’ @
cos” O

cos’ @
_Cos 19

cos’@=sin’ @
cos ¢

cost @+ sin28
cos  #

cos’ 0 é@@W@

cos” (0 +sin° 0

Jeous
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Example 13: Reduce cos* 6 to a@‘@m} Action cnf mulnples of

&, raised to the first pﬂ@
1+ cos2d

Solution: We know
—r1|m52{3 = gost ) = 3

cos* 6 = (cos? O = [Mﬂ
2 ]
_ 1+2cos 26 + cos’ ¥

4
N }I[Hz cos 20+ cos® 20)

I+ cosdd |

= %[l +2c08 28 +

1. Find the values of sin 2e, cos 2a and tan 2, when:

; : &4 i 120 T
(i) sing =— (i) cosa =—, where O<a <—
85 169 2
2. Prove the following identities:
sin 2o
(1) cole—tance=2 col2a {i1) = tang
l+cos2a
T e AV () ST, i
Sincr 2 COSF + 81
(v) | +sina o 7 e 2 o cosecH + 2 cosec 268
. . U
\ 1 -sina Siﬂi . m/s@ %
ng 2sin# sin 24
(vit) 1+ tan e ta Yﬁ (i) ST AT = tan20 tand
N cosdd + cos 37

Wwvu



ao@@m
Trigonometiic lfentities W@W il
' m: ig ® cos3f  sind

+ o =deos 20
cosd sind

(%)

tan — = cot— .
- o Sin3f  cos3d
(xi) z—g—secﬁ (i) —— +———=2cot 28
—_— cosd  sind
2 2
. 3+cosdd ] . .. l+s5in28 e
Xiii) ———— = —( tan® @ +cot’@ XV} ————— = tan* —+E?)
( }l—cusr-lﬂ 2{ ) iy 1—sin 28 \ 4

G 37 . 5 L
(xv) cos” —+C0s” —+Cc08” —+ Cos =2
8 8 L] B

show that; 2cos2=+/2 W24 2cosdf

s

4.  Reduce sin”™ & 10 an expression involving only function of multiples of @, raised
Lo the [irst power.

Find the values of sin # and cos & without using tabde Jl@m i is:
: it : o~

(i) 18° (i) 36" O @@ {iv) 72°

Hence prove that@%ﬁﬁ%%x “oos 1447 = -]TIE
SN o“-

L

Hint; Let & =387
i = 6 = 18F
(201 2y - 90 30420 - 1807
i@ =90 —24 g = 180" - 26
sin 3 = sinfQ0° = 2@ ele sin 34 =sinf | 80° = 26 ele.

10.7 Express the Product (of sines and cosines) as Sums or
Differences (of sines and cosines)
We know that:

sin{a + [} —sin @ cos 7 + cos a sin ff (i)

sin (e — ) =sin e cos § — cos o sin S (i)
cos (e~ 1} =cos acos I —sina sin J (iii)
cos (er= ) =cos acos i +s5in @ sin 8 (1v)

Adding (i) and (10} we get

sin(e + F) + sin(a — F)= 2 sin & cos @0@9\4@
Subtracting (ii) from (i) we get Q @@

sin(e + 7)) — sir % (vi)

Adding (iii) and (iv “!
Wﬁ) — 7 ) =2 cos i cos [ (vt}




) e

Subtractio/ (v [?il}l, we get
cos{a+ ) —cos(a—F)=—2 sin o sin § (viit)

So, we get four identities as:
2sin g cos ff = sinfa + N —sinfa— /A
2ecosasinf — sinfo ) - sinfa— 8)
2ecosacos S = coslo + ) + cos(a = 5)
—2sinasingd = cos(o + ) — cos(a— f)
Now putting o + = P and a = = Q. we get

Pro il O

P S L e T O
sin P+ sin {} = 2sin 0
i sin . sl | COs W@O@

H:

o Pel}
cos P—cos ()= —2sn sn
2 2

Example 14: Express 2 sin 76 cos 3/ as a sum or ditference.
Solution: 2 sin 7&cos 3¢ =sin(70+ 3@ + sin(7 = 38)

= sin 108 - gin 44
Example 15: Prove without using table / calculator, that

b | =

sin 197 cos 117 +sin 717 sin 117 =
Solution: LH.5=3sin 19° cos 11° + sin 717 sin 117

1[2 sin 197 cosl 17+ 2 sin 71° sin l]

ﬁm{] §H° ﬁmﬁ”c] coq{'?[ﬂ_lla)]l.]

~cos 8274 coa 60“

Id In—~

|:2 + 5in #° — cos{ NP — 8 )+ — :|




W.m.m p— @@W@mmﬁm

woeos B2 = cos(90° — 87 = 5in 87

1

2

=RHS

Hence, sinl9° ¢cos 117 +sin71° sin | l°=%

Example 16: Express sin 5x + sin 7x as a product.
g2l . ; L oAax+Tx S5x-Tx ;
Solution: sin Sx + sin 7x = 2sin COS = 251N 6x Cos(—x)

2 2
=2 ginfx cosy (. cos(— &)= ms )

Example 17: Express cos 8+ cos 3@ + cos 38+ cos ?ku@

Solution: cos &+ cos 38+ cos —@S‘@

' T - 9 ?H—SH
= 2 COs~f 08
WO 2 2 2
2Cos 28 cos &+ 2 cns 0 cosf

=2 cos Aicos 60+ cos 28)
= stﬂ[zcusw_'LM Cos ﬁ&_wi-l

2 2
=2 cost (2 cos 48 cos 28) =4 cos & cos 28 cos 44

|
Example 18: Show that cos 207 cos 40°F cos 8U° = §
Solution: L.ILS =cos20° cos 407 cos 807
|
= 1{4 cos 207 cos 40F cos 807)

- %['{’2 cos 40° cos 2(F) . 2 cos 8 w@ @
C%%:m f ?\)@d@@

| CGSZG‘" Zonsﬂﬂnlj




LRETTLEE 100 3 Trigonometric Identitics

=]

by
M — (cos B0° + cos 100F + cos 60°)

%[ms B0+ cos(180°F — BO™) + cos 607

1 . 1] :
= 1 Cos S[I‘*—msﬂt]‘hilj [+ cos(180—&)=-=cosi |
= 1(1J=l = RHS

4\.2) 8

Express the lollowing produ
(i) zsmmcm m mi&mnw

(i) sin {iv1 2 sin 78 sin 28
) = Vi sin(x—v) (vi) cos(2x + 30°) cos(2y — 107)
{vii) sin 12° sin 467 (viii)sin{x + 45%) sin(x — 457)

Express the following sums or differences as products:

(i) sin 584 sin 38 (i) sin 8d = sin 44

(ili) cos 68+ cos 38 (iv) cos 76— cos @

(vl cos12% — cos 48° (wil sin (x+ 309) + sinfx — 30F)

Prove the followmg identities:

) sinjx—sinx _ G (if) sin8rx+sin2x e
COSX = Cos 3x cossr+oos2x

sin A—sin B sin 80" < si

(i) - e

4+B
sin A+sin 8
Prove that; @
(i) cos 155+ cof m 850 =
., Sin Zp}\m’pﬁg I sin &

(1) = Lun 5¢
ik +¢ﬂs4ﬂ cos 6 4 cos &7

tw‘l




Tigrmemeric

n

6.

9.

Lk

{"Wﬁl —+ )=ama
(iv) '-zml ——6‘ sin 6‘] -Eco-ﬂﬁ’

1 amﬁ‘+ﬁm3ﬁ-rml1515'+.~.m Te
(v) =tan 44
cosfd + cos 39 + cos 57 +cos 74

Prove that:

(i) cos 20F cos 40F cos 6F cos 80° = A

¥

= o2 S s Mt BBy ez £
(i) sin— sin— sin— sin— = —
Q 9 3 9 &

(1) sin 107 sin 30F sin 307 sin 70 =

51n3éi' ig‘f @
Prove that: = &:d E%Q @
rove tha e =sin @

Prove that: tan 752

Pn‘W:&lam 157 =—

sin’ & —sin”
SiM e Cos o —Sin F cos

Provic that:

= tan{a +f )
Prove that:

sina+5in,3+siny—sin[a+,B+;v]=45in| Ezﬂ}s [sz]sm[TaJ




