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INTRODUCTION

Complex numbers are an extension of the real numbers designed to solve equations
that have no solutions within the realm of real numbers. The history of mathematics
shows that man has been developing and enlarging his concept of number according
to the saying that “Necessity is the mother of invention”™. Tn the remote past they started
with the set ol counting numbers and invented, by stages, the-negaliy @6%5,
ratiomal numbers, itrational numbers ete. Since & oA g 5 wative
number is a positive number, the s
realm of real numbers, Therefore

Yes not exist in the

1.1 Complex Numbers

The numbers of the form 7 =a +ih where a,be 7% and i = -J_I . are called complex
numbers. For example, 3 + 44, 2 %i, 7-2i ete. are complex numbers and the set of
all complex numbers is denoted by C

1.1.1 Recognition of Real and Imaginary Parts

Let us start with considering the following equation:
4l =0 = x'=—1 = x=+J-1

| Note:

Every real number 1= a complex
number with b as ils boaginary

-1 does not belong to the set of real numbers. We,
therefore, for comvenience call it imaginary number
and denote it by § (read as iota).

In the complex number z = a +ib | a is called real part and b is ca ing @@’t
of the complex number. For convenient, real part is d ' a ary part

The product of a

written as. 1

o B \!
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Complex Numbers <z> Mathematics (_

Conjugate Complex Numbers: Let = =a+ibbe a complex number, then a — ib is

called the complex conjugate of @ + ih, Tt is denoted by Z ., Thus 5- 4/ is complex

comjugate of 5 —4f and 2 37 is complex m e e e T T
conjugate of 2 +31

1.1.2 Operations on Complex Numbers
With a view 1o develop algebra of complex numbers, we state a few delinitions.
The symbols @ b, ¢, d. k. where used, represent real numbers,
(1)  Addition: (a+ib)+(c+id)=(a+c)+ilh+d)

(i) kla+ib)=ka—ikh

(1) Subtraction:{a +ib)—{c+id) = {a + ik

[—(c+i @©
@ t[-b d)
(iv) Multiplicatm@inm 1 The ‘Eui {ac—bd) +itad + be)
1.1.3 Com r ' Ordered Pairs of Real Numbers

mpkx numbers also by using ordered pairs.

4

Let " be the set of ordered pairs belonging to % »« 7% which are subject to the
following propertics:
i) (wb=le.disa=crnb=4d
(ii) (@ B)t(ce.d)=(atec,btd)
(i1} (@, bW, d )= {ac—bd, ad + hec)

Then C is called the set of complex numbers, li is easy to see that

(a,p)—(c.d)Y=(a—c,b—d)

(iv) Ik is any real number, then &(a.b) = (ka, kb)
Properties (1), (1) and (11} respectively define cguality, sum and difference of two
complex numbers. Property (iv) defines the product of a real number and a complex
number,

Example 1: Find the sum, difference and product of the complex numbu’@md
(3, —6)
Solution: Sum=(8+5,9-6)=

Difference = (; ;
Product = |
QF\W
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1.1.4 Properties of the Fundamental Operations on Complex Numbers
It can be easily verified that the set C satisfies all the field axioms i.e., it possesses the
properties of real numbers.
By way of explanation of some points we observe as follows:
(1)  The additive identity in Cis (0, ).
(i) Ewvery complex number (o, &) has the additve inverse (—a, —&) Le.,
(., By + (-a, B =(0,0)
(1ii) The multiplicative identity is (1, 0) i.e.,
(a, b¥(1, 0)=(a1—=b0, b1 +a0)=(a b).  The set C of complex
= (1, 0} (a, ) nmnbersdoesnotsausﬁ/ﬂle
DﬂlEF ﬂxlﬂﬂl& II‘I Aact
is ]

(iv} Ewery non-rero complex number {ie., number
not cqual to (0.0} has a mulaplicative inverse.

The multiplicative inverse 06 %\@
( z '
le e | = (1, 0), the identity element
3 a +h
( a b

](ﬂ b)

=|\Lﬂ' 4.4
(v} (a, D) [ie, d) Lde, )] (a, e d) | {a, fi*} ﬂ
Example 2: If z, =(4, 2) and z, =(3,~1), then find =

Solution: Given % ={4.; 2}, - ={3,—1}
(4,2) 4+ 4+2i
Y% O-1) 3-f
Multiply the numerator and denominator by the complex conjugate of z, =3/
g ARl 4+2f’x3+i

T
_ (4030 + ()0 + (20N + (2000 _12+4i+ i+ ’?:
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1.1.5 Argand Diagram
Every complex number will be represented by one and only one point of the coordinate plane
and every point of the plane will represent one and only one complex number. The
components of the complex mumber will be the
coordinates of the point representing it. In this
representation the x-axis is called the real axis and the

2 : : : 2 A(3,2)
p-axis is called the imaginary axis. The coordinate ]
plane itselfis called the complex plane or z —plane, The
figure representing one o more complex numbers on | + 1 4 >X

the complex plane is called an Argand diagram. The
Arpand diagram is a way of representing one or more
unmplc,x numbers on the cmnplcx mec, F'mn

\fw‘.! _ 342124203 2iand2-2i
- po the order pairs (3, 2). { 2,20, (-3, ~2) and (2, —2) respectively have been
represented geometrically by the point A, B, Cand .

Modulus of Complex Number: The real number

Az, ¥)
-.,,':cj - _;-: 15 called the modulus of the complex number é «, ;
x+iy and it is denoted by |x+ iy|.In Figure (ii), |04 T
] : : 4
represent the modulus of x+iv. In other words, the € v i T

modulus of a complex number is the distance from the
origin to the point rcprc&‘:ming the number.
20y’
=i
(1+ 2i) _1+divd? 344 2+i —6-3i+Bi+di’

2-i 2-i IR T m
O

Example 3: 1If = then evaluate |z|

.
Wl

Solution: z=

_ —H+5i-4 -10+35i

2
T 5 @@W]@
O
T:ilurlg Lun_]ugalL @
QF\W
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and  [7]=|-2-1]= (-2 +(-1)" = VA1

= |E|=~..u"§
P EXERCISE 1.1 g

1. Simplify the following:
=1
i i* (i) " (i) i) " {iv) (=1)?
2. Provethat z =z iffz is real.
3. For ze €. show that:

@) ZrE=Re(2) o @@%@O@(@

; 1 2
(Jll} {iv) —=—
|z

~; np ic unu. inverse of each of the following numbers:

(i) (v2.=5) (i) (1.0

4 bcpum le inlo ]'L‘El] and imaginary parts (write as a simple complex number):

o 2=Ti _N 24 3y i (43
(1) . (11} g {my — {1v) u
4+5i 1+1¢ 1+1§ 4-3i
6. If z=2+i,z,=3-2i.z, =1+ % then express — in the form of a+ib.
7. MWz =2+Tiand z, =—5+3i, the evaluate the following:

@) [2z-4z,|  G) Pz+2z| (i) [7z+22,

vy Iz + 22_]'—'|

1.2 Equality of Two Complex Numbers

The two complex numbers z, =a+5i and z, = ¢ +di are said to be equal iff Ihe-ir real

and imaginary parts are equal i.e., a+bi=c+di<ra=candbh=

Example 4: If (3+2)(x+iy)=5+12i v.h ; x }

Solution: Given that (3+2 é
54128

G

1 and ¥.
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Comparing real and imaginary part, we have

3x-2y=35 .(1)
2r+ 3v=12 L)
Multiplying equartion (1) by 3 and equation (ii) by 2, we have
Ox—by=15
4o+ fy =24
Add the equations
Oy—6yt4x+ oy =15+24
13x =39
x=3

Substitute x = 3 in equation (1), we have
9(3) tv=15 @o
TG

of a Complex Number

juare oot of a complex number is another complex number that, when squared,
give the original complex number.

Let w= p+giis a square root of a complex number z=x+iy, where pg.x,0e R,

then w=+/z .. A1), taking square on hoth sides, we get

e

(ptigF=x+iy
P 2pgi—gt =x+iy
Equating real and imaginary part, we have
x=p*—g* (1)
¥ =2pg . (iii)
We know that { p*+ g% =(p* ¢*)" +4p%g°
Substitute x= p" —g°, v = 2pg in the above equation, we get
(P gp =24y

—— prg= qu: +y° ... {iv) @m
From equation (ii) and (iv), we have £ p il @w =¥ v | Solving for
the values p and ¢, we “l
“ and g= :!:’HLI- +; =

O
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From equatmn (iii): ¥ =2 pg , thus we have
« =0, 0ifp and g have the same sign
oy ifpand g have opposite sign
o y=0ip=00rg=1>0
Therelore, the square rool of the complex number z = x4y is given by

2 l}.-;l 2
| .

|’+x L |2 |—.r

or Jz=+ B | ] ..[v}, where |;| X"+ ¥ =0 is modulus ﬁ%

cqualion (w} 1% the required formula for -squ T T W@G@C@

3..-
3+ 2
2 -
¥ 1+
X =)
b e e e e
2 : P S . ) 2 =z
|:|:|5+12,1: $+173%=13, e 1“_ 1 2 3 4
Applying the square rool [ormula lor complex U
numbers, we gel Al
| IR B i
5+]2€=ii J l )
| 2 |]2| 4§

(ﬁfn’\'{_] (3+2i)

Thus, the square root of the complex number 5 = 127 are 3 + 27 and -3 — 27 arc shown
n adjacent figure.

V" EXERCISE 1.2

.  Find the values of x and y in each nl “thetol lowg @ @©
(1) +iv+2- 3r-—u[5—f é “
Gy (x+ ey}l{@

(iii)
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2. Iz =<13424i and z,=x+ yi, find the values of x and y such that

3. Find the value of x and v il

(i) (x+i) =25+60i (i) (x+i) =64+48% (i) xi ;}-:L_”ﬂ
' (1+37)

4. If z;=2+3% and z, =l-«, find the value of & such thal Im{z,z,)="7.
5. MWz =x+yandz,=a+ bi findx, v, aand b such that z, +z, =10+ 4i and

2 — & =6t 2L

6. Showthat ¥Vz,zeC, 2z, = "_- z, @ @@
| i i @MM] 119+ 1204

T+ iWx+ i+ {(=1=-50)=i(l 1=i)

ey +3=iI1=i)=H

[1. Find the values of @ and vaf:

(i) (w+iv) =20+21 (i) (w+iv) =48-10i
12. If z;=4+57 and z. =e —2i, find the value of & such that Re{z,z.)= 20

1.2 Complex Polynomials as a Product of Linear Factors
A complex polynomial P(z) is a polynomial function of the complex variable = with
complex coefficients, It is expressed in the gcn.e:ral form as

Piz)=az"+a_z""'+. +az+a,
Where a,.a, ,...0.aare complex numbers (@, #0), and #>0is an integer
representing the degree of the polynomial,

For cxamplcs Pl,’z}= (1-iyz + 3, Blz)=(5 - 4i}zl +(2+ iz + (3 4i)and

into a pmdum of 11@
According to the F

o) [\

ANV A
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A corollary to this theorem states that any polynomial Piz) of degree s can be factored
completely into a constant a and n linear factor over C in the form

Piz)=alz—zz—z,).[z—2,) (1)

where z,,z,...., 2, are complex roots of the polynomal. Once we know the roots of a
polynomial equation, we can apply equation (1) to factorad the polvnomial Fz) into s
linear factors. Specifically, it 2 and z, are roots of the polynomial equation P(z), then
the equation must be P(z)=(z-zNz-2z,). For examples, the polynomial
P(x)=x" +4 consists of real coefficient has no real roots, so it cannot be factored into
linear polynomials with real coefficients. However, 1f we considered as a complex
polynomial P{z)=z" +4, we can easily be [actored into two linear factors as m

P rd=(z+2z-2
-2 W@@@@
& A ol ;:sfy}‘{z = 0 are called the zeros o

P(zy=z"+(1-i)z—i
=z +2—fz—i
=z{z+1)—il(z+1)
=(z+1)(z—1)

Example 7: Factorize the polynomial P(z)=z" -4iz+12
Solution: P(z) =z* —4iz + 12
2 —diz—(-12)
—diz— %12 S
7t -6z + 122 — %12
=z{z 6+ 2z o)
= {z = bi)(z + 2i)
Example 8: Factorize the polynomial P{z) ="+ (1 +i )" + iz

Selution: P(z) =2 = (1 +N +iz
=z + (1 +iz+i] @@m

It
l-L' [

&)
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Key Concept

The Rational Rool Theorem is a mathematical tool used to find all possible raticnal roots of a
polvnomial equation with imteger coefficients. According 1o rational root theorem:

If a polynomial Mixy=ux"+a_x"'+..+ax+u has integer coefficients, then every rational

o % (i simplesl lerms) selsfes:
{1} p 15 a fuctor of the constunt term ay. (1] g 15 2 factor of the leading coefficient @
Example 9: Factorize the + polynomial P(z) =z —3z* +z + 5,
Solution: According to rational root theorem the possible root of the equation are =1

and =5, On checking, we sce that =z =—1 is the root of the polynomial P(z) because
P-1)=(-1F =3(-1p + (- +5=0.

Soz+ 1 1s a factor of the Piz). Using synthetic division @ @@m
1]1 | @ W

ox %&

Therefo XE +1}{ '—4ﬁ+“1 sfi)

V\wm”s of 7 — 4z + 5 using quadratic formula

2 —4z+5=0, here a=1,b=-4,¢c=35
A A0 _4116-20 414 412
z= (1) 2 2 2
= z=2472
The quadratic factors arez” —4z+5= ( ["+:})[- —(2-i))=(z-2-i)(z-2+i)

Substitutes in equation (i), we have the
=3z 4z +5=(z+1){z-2-i)z-2+i)

1.3.1 Solution of Quadratic Equations by Completing the Square

Aswe learned in previous classes, completing the square is a powerful and systematic
method for solving quadratic equations. This technique involves rewriting a quadratic
cquati-;:m in thc form ax *+ by + o= U inm a pl.:rj‘r.:r.:l square Irinumial._ which Lanm

Example 1i: Solve & Az 2z + 30 = 0 by completing square method and

hence
a [\ N
AVAY
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Solution: 22— 12z+50=0
Dividing both sides by 2
F—bz+25=0
=5 22-23z=-125
Add 3% on both sides
23+ = 25+ 3

(z-3F=-16
= z—3=%4-16
= z=34+4

Therefore, z=3+4ior z = 3—4i are the required complex roots.
Using the corollary of Fundamental theorem ol Algebra the eg

using the roots 3 + 4iand 3 44 as:
27— 122+ 50 =2(2" — bz + 25)= @A@E@

Hence, 2z =12z 4 \‘\

Wo EXERCISE 1.3 _d
2 actorze the following:

(i) o +4b (i) 9a°+ 166" (i) 37+ 37 (iv) 14dx" + 2257
(vl #—=2iz—1 (vi) 2+ 6z+=13  (vii) 2 +4z+5  (vii) 227 —22z+65

(z=3-4i}z-3+4)

2. Fuctorize the following polynomial inte its linear factors:
(i) Z+8 (i) Z2+27 (i) F-27+162-32 (i) '+ 2127 =100
(iv) =16 (i) z*+32°-4  (iv) z*+52°+6 (v} Z'+72°-144

3. Find the roots of z* +7z° <144 =0 and hence express it as a produect of linear

factors.

4. Solve the following complex quadratic equation by completing square method:
(i) 2z —3z44=0 (i) = —6Gz4+30=0 (iii) 3z°—18z+50=10
(i) 22 +4z+13=0 (i) 22°+6z+9=0 (i) 32°-5z+7=0

5. Solve the following equations:

(i) 2='-32=0 (i) 32°—243z = {m] z@m
(iv) =52 +z-5=0 (v) 4z —2‘~3+21 ’ 1=0
6. Find a polynomial of degreg 3 {X|i s ng Pi, 1 )=20.

Find a pnl'-,m 12l of de . and satisfying
P2y = 240,

im{i a |1;Flﬁn%

ored 4 with zeros 4, 4,1 1 4, | — i and satisfyving
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1.4 Three Cube Roots of Unity Note:

Let x be a cube root of unity We know that the numbers contuining
7 7“# i arc called Complex numbers. So

g &= 1+ AL J— o
= r=1=10 z
= - txt1) =0 ﬁ““wmw“mﬁ
Either i-1=0= =x=1
or ©c+x+1=10

—|—m H-J_a

xr =

‘Lc;@ W C
Thus, the three cu ‘ K @@@ = )
%% l+..j'_, —l—ﬁj

2

—-

Properties of Cube Roots of Unity
( 1} EaLh complex cube root of unity is square of the other

= T - £ i i
I 3 J:E = g, then —I 2\1@ = @,
and if — J-I . then HJ_E = @ [e is read as omega]

{i1) The sum -rJf all the three r.:ul:re roots of unity is zero ie, 1 — w+ =0
(iii) The product of all the three cube roots of unity is unity ie. l-@-@ =o' =1

1.5 Four Fourth Roots of Unity

Let x be the fourth root of unity

1—il

. B— 1L
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1.5.1 Properties of four Fourth Roots of Unity
We have found that the four fourth roots of unity are: 1,—1,+i,—i
(1)  Sum of all the four fourth roots of unity is zero
1+ (-1 +i+H)=0
(i1} The real fourth roots of unity are additive inverses of cach other
I and | are the real fourth roots ot unity and | + (-1} =0=(1)+ |
(iii) Baoth the imaginary fourth roots of unity are conjugate of each other
i and — are imaginary fourth roots of unity, which are obviously conjugates
of each other.
(iv) Product of all the fourth roots of unity is —1 e, 1= (=1} = { = (=) ——1

Example 11: Prove that:(x" +17) = (x + p){x + en)x + o 1-} @ @©

Solution: RILS = {x | ¢)x | ay){x ar i)
,w+w=-11=LHS.

{a: + ¥)[x + (g 9

M 2 11 + )

Hence proved.
WNMW “EXERCISE 1.4 _4

|. Find the three cube roots of:

(i) 8§ (i) 8 (iiy 27 (iv) 64 {(v) 625
2. Evaluate:
(i) (1+@—mwf (i) o™+ ™ +1 (i) (1 + -l —ota)
\.'-v‘ 57
(iv) [H ;’__3 J + [—_I—zﬁj W) (A+=3Y +[=1-4=3)°
\
3.  Show that; iy x l"1 ={x— ¥ix —wy)ix ok )
(i) S+ +8—Inz=(x+ptzlst oyt oo+ @'y + ax)
Gii) (1 + @)l + &N + oW1 +@® ... 2n factors = |
4. If@isarootof v + x+ 1 =0, show that its other root is & and hence prove that

w =1, :’ m

5. Prove that complex cube roots of 5 an prove
[ —134/73 1
that | %‘3 14+

- i
- % ROUS s
fi.“ F\WM@ i of unity, form an equation whose roots are 2w and 2o,

I-3)" =16

ove that |
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1.4 Polar Coordinates System
Polar coordinates are often more convenient than giF
Cartesian  coordinates in situations  involving
circular or rotational symmetry, or when a
problem depends on distance from a fixed
point and angle relative to a reference direction.
Just as the Carlesian coordinate system uses an
ordered pair (x, ») to describe the position of a
point, the polar coordinate system determines
the position of a point using a directed
distance » from a fixed origin 2 {called the pole)
and an angle il [hﬂt t.he line mmm‘rmg the 1:11' oin

aligm:d with Lhc ru:u:;i
caton of a point P can be described by polar
twhere »# and 7 are real numbers.

Rectangular cooedinate 1 Polar coordinate
Ay, B
---------- TI’(r, ¥}
. r
L i o Polar axis
While ris typically considercd non-negative (= 0), it
; 4 ! : : #
iz also possible for v to be negative (r < ), The value :
o x s x a gt (&
of r changes depending on its sign, and this atfeets the fl 3
o “ i "»
position of the point in the plane.
When r = 0, the angle # is the measure of any angle in %
standard position whose terminal side lies along the e m
line connecting the origin to the point £, measured @@
counter clockwise from the polar axis (pysiti @m a0
4
For example, the p a 0| Polar axis

pmnt 3 u e at an angle of 2 radians.

1
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When r < 0, the angle @ is the measure of any angle
in standard position whose terminal side lies along
the line connecting the origin to the point £, but the
point (is located Irlunits  in the opposite /" '\\1\5

direction {i.c., &+ ) from the polar axis {positive -

axis). For example, the polar coordinates

[ %) ; . Q-5, %J
l—j,z J represent a point 5 units away from the

e . T o
pole, but in the direction of I+‘R’ = = radians.

Consider the adjoimin
onsider the adjoing A 0)

complex number i
S~ #
and y = rsin#, where : y=rsind

we § ’ 3
r 18 modulus and & is called an argument 0"\

i

ofz. g Ols-reosll M ¥
llence X+ iv=rcosld v irsingd (i)

where r=|z|=\1,m and #=tan 'Z (x£0)

Equation (i) is called the polar form of the +

complex number z . . ; ;
p m We can write cosd — fsiné =cisé

Example 12:  Express the complex number 1+ i3 in polar form.

Solution: Step—T : Putrcos#=1 andrcos# =3

Step—11 : r* = (1) +(ﬁ)2 Note:

= F=1+3=4 o Ifz=0,y>0thenl= —

= r=2

5 - [}
; = A3 = O 2
—_ k=S = — 0 '
Step — 1 & = tan 1 tan «J'éf m T
Thus 1+i/3 : %
Principal Arg eﬁk ineipal argument B of a complex number z = a + bi is
the &?Mv posilive real axis and the line joining (a, f) 1o the origin
ol

\J ™
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in the Argand plane,
[ &
qf b
argz=#=tan 'l -
a
It is denoted by arg. It is a single, specific value of the argument, typically chosen
within a standard range: are z € (—r, 7).
1.3.3 Operations on Complex Numbers in Polar Form
Addition and Subtraction of Complex number in Polar form
Let z =u{cost, +isind Jand z,=r(cos#, +isind, |be two complex number in
polar form. The addition and subtraction of two numbers can be computed simply as
2+ 2z, = 4 (cosf, +isind, )+ r,(cosd, +isind, )

and z,—z, = f{cosd) +isind, )—r, (cosd, +isind, ) @ @@m
Multiplication of C{rmple,' ‘ i m Eg ©
‘ 0

Let z, =n{cos0, +r i
umbers can be derived by multiplying them

complex number in

.AA

polar form. The pr
directly and simypli
= qu:116' -1, cosd, +isind, )
Z-Z,=pF [ma[}, cosd, +icosd sind, +isind, cosd, +i' sing, sinf}z]
-z, = [ (cosd, cosd, —sing, sind, )+ i cos, sind, +sind, cos@,) v P =—I
A A [L‘U:&(E"I +6. ) +isin( &, +8, ) : {Using trigonometric identities)
Thus, multiplying two complex numbers in polar form involves multiplying their
moduli and summing their arguments 1.e., arg{z -z, )= arglz )+ arg(z,)

e A o
Example 13: Find the product of S[cos% +i smg} and 4[1:05% +isin ?‘? J

( = T {3z Iz
Solution: Let z, = 3| cos —+isin — J:md Z= 4lccus—+fs.in— |
: =
9 & & 2

Here, 5 =5and &, =%, while r, = dand &, =%

Substitute this value in the product formula

. =r.r.[4:¢:|s{é' +0.)+isin( &, +6, ) @
_ ) <EH 0

_5x4 wal 2 E +isif]\: @k@+ in—

,. ‘ 3 3

. b a
the 3 200005 2 + isin =2 |
m@& S
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Division of Complex Number in Polar Form
Let z, =x(cosf +ising )and z, =#(cosé, +isind, )be two complex number in

polar form. The formula for division of two complex numbers in polar formag be
derived by rationalizing the denominator,

r;(cosd, + isind, )

1, (cosé, +isind, )

Fa I_t"l

[5] I_ll

r(cosf, ~isind, ) (cosd, —isind, ) ( Multiply and divide the equation
ry(cos#, +isind,) (cos#, —isiné, ) [bynunjugatcni:‘cmﬁz+:‘sin91
r, (cos@ cosé, +sind, sind, )+ i{sind, cosd, —cosd sind, |

cos” Hz+qm 6‘

_ f[um(r; —8,)+isin(6,-8;) ] O ““vw“. L1dumll.n:-,‘]

Thus, the maody lua R ilex numbers equals the quotient of
their moduli, whj t‘.‘ i ] thr;. quotient is the difference between their
argun

[y |-=

5] |_l-‘|

Nl_'

dwidmg two complex numbers, the modulus of the result is the ratio of
their moduli, and the argument of the result is the difference between their arguments

Y

Z
-

i.e., arg( =arg(z,) —arg(z,)

l‘k—
I 3 . i
Example 14: Divide —I LUb?+Ib1ﬂ 2 Jbv —| cos 5 +;sm[ —

4

[

S =y

i

2

Goid ag . (" T .. ) 3 T i
Solution: Let z =—| Cos — + f51n— |and z,=— cus[ W+ zslnL
A (3] 6 ) 2 :

M|:‘1
L S
. d

3 ]
Here, rl—z H|=?—ﬁ,rg=—aud92=—£.
7 a5 2

Substitute value in the guotient formula

il :ﬁ.[cgs{f}l -—E?l]* isin{f?, = ﬁ‘.}_i
-'.. rl;.' e
. el [ :r]} o
=Zx 2| cos| ——| - | |+isin]
T 3 L6 2} D)

= Iﬂ[ 5 : .

— —| QDS + 1l
Zy 21y 3
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Example 15: If z = x + iy, then write the equation [3: - :] =[3z+ ?| in term of x and y.

Solution: Given i3f«:—1‘|= .:+‘?\ s

3z —i| =3z + i) —i]=Bx+iBy—1)|= JBX + 3y -1)°

34 3y + 7= Ba- 3 7] = Bt T (-390 = /B4 TV 4 (-3p)

Substitutes these values in (i)

3E|?|=

JOXF + 3y -1 =J(3x+ 7 +(=3)

Taking square on hoth sides m
GxF +@y—1)? =GBx+ 7 +(=3)° @ @
9x? —w—m-l—ur+41r®4§ @
or \§ gt —
T .-.‘C 8 rcpreqmt': a straight line in the complex plane.

Example 16: Show that (.r+2 +‘L' — g *WJ +2;] I

=— for z=x+iy.
g—=2

42 x+iy+ 2 x+i(y+2)  x+i(y+2) x-i(y-2)
z—2% x+iy-2i A I+i'(_}’—2} 3 .r+;r'{_}-'—2_} x—:'(y—l]

Solution:

‘—""‘21'_'["'3“"»"'2'4)““4‘-"_ Xay-4 . dx

2-2i @+(y-2f TR (-

(\
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1.5 Complex Numbers in the Real World
(Voltage, Current and Resistance)

Ohm’s Law is a fundamental principle in physics that describes the relationship
between voltage *v', current ‘1" and resistance ‘R in an electrical circuit.
Mathematically Ohm®s Law can be expressed by the formula ¥ = IR .
when dealing with alternating currenmt  (AC) circuits, resistance generalizes
to impedance (£). Resistance in a circuit is due to
inductor (X, ) and capacitor (X,.). Their difference is
reactance X = (X, )} — (X,.). Geometrically it is shown
in the adjacent figure. Here Z=R~+iX
Then for AC cirewits, Ohm's Law m Terms of
Impedance is expressed by the fo “@

‘ : : ( N1ikha s A

Example 17: IT the impedance of di

voltage of 25{ cos | ¢ value of current in the cireuit.

Solution; 1 he voltage 25(cos 30° + [ sin 307} and impedance
| S35 ain 55,357 into the equation ¥ = IZ , where F is voltage, / denote
the turrent and £ 15 impedance.

Eﬁ{cnﬂ 30°+i sin 30°) = 1 .1)(cos 55.35°+ sin 55,35°)
= ES(CHH 30° +7 sin 3(]”)
1{cos55.35% +i5in 55.35")

ar

fe 'ﬁ cos(30° - 55,357 )+ isin( 30° - 55.35°)

7=2.27[ cos(~25.35 ) +isin(-25.35 ) _

Express into rectangular form
£=227[0.90+i{-0.42) = 2.04-0.95i
Thus, current 1s 5—4.217.
Cry |}Irmr‘!|lll\ It is the science of securmg mfnnnauon by tranaformmg

meplelﬂ Thiz 6
k=12 + 3i and t

multiphcatiy
FRVANTANUN
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complex numbers.
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Each letter of the alphabet is assigned a numerical value as follows:
A=1B=2.C=3, ....f=26

Solution: First, we assign each letter in the word “MATH™ a complex number with

zero imaginary part. The encryption and decryption shown in the table below

Letter [Comples Number (2}  zencrypled =z =& |z decrypled = 2 enerypled / &| Letter
M 13+ O (13 +W2+ 30 =26+30 (26 + 39D /2130=1310¢] M
A 1+ 0§ (I+0iM2+3ip=2+3i | (2+3D/(2+3)=1+0i A
T 20+ i (200 + 02 + 37} =40+ 60| (40 + 604) 7 2 — 35 =20+ (i T
H B0y (B A+ W2+ 3= 16+ 244

2. Express the following complex numbers in polar form -

§ ; 1 43 5
1) 43 uy 1+ i) —+—i i
(1) (i) (it} g (iv) .

5 8 o b s o8 R
V) =——i Vi) —4—i (Vil) == =—i
o WE (1) 5 2 3 3

3.  Convert cach of the complex number z in the rectangular form x+ iy :
5 ey T T 7
i) 4 cos£+e'5u1— {ii) cc-s—+:9.11_1.i
3 3 l f i
: 237 i IR

(iii) lz|=7, mg(z}zﬁ (iv) |z]=11, arg(z)= T

10 17z

) |z7|= o ara(z) i {vi) 2cos(—33)+i2sin( am

{vit) | |_12 arglz)=nm W
If 2, = 9| cos 22 i m ~— ,»,m_i I

then find
{iii) z {ivy =

i

=
-

1

(]

|"1
[

| ty

L8]

"2




; f e . = [ i ) .
5 0 p= '.-‘| 08 —— + isin —=— | and z, =1 ]| cos—— +isin— | then find the
2 ¥ 4 i \ 12 iz
following and express the result inw x + iy form
; o e 5 Z
(i) z+z (i) z-z (iii) z -z, (iv) =+
2
6.  Divide z, = 6icos 150° + i sin 1507) by zy = Mcos 30° +i sin 307} and express in

X+ iy form.
7. Multiply z; = 2(cos 607 + i sin 60°) and z, = 5(cos 90° + J sin 907) and express in

x+iy form.

8. Find the modulus and argument of z = -2 — 2J. @ @@m
_ . o)
9. Wrile the equation ttrgl: -2t @‘_ =x+iy.
Q
10 If 2= 5+ akd\axg ()
: ‘% aR=
O

I ¢4y and arg(z—2-3i)-arg(z+2+3i)=2r, show that 2y = 3x.

— ,show that x* + ¢’ ~4x+2y-5=0.

12. Solve the equation |z - 2i| = |E + ;’} for z=x+iy.

13. For z=x-=iv, solve the cquation |5’-— 4+i = |S:——3+ 2

14, Determine the set of poinls = = v+ iy that satisfy the equation |3E— 2+ .r'l =3z +i.
: [ 7 )

15, An AC source supplies a voltage of V= ]20| c{}s;+fsinj | valts to a eireuit
\ ),

1+ I'\"j
16, An AC circuit has an impedance of £ — 3 — 6/ ohms and is connected to a voltage
source of ¥ = 90 30i volis. Find the current in both rectangular and polar form.

17.  Encrypt the word "CODLE" by multiplying the complex encryption key & = 2 = .

Then decrypt it back to the original word. @
18, Consider the complex encryption key &5 3 — EW B A1

with impedance Z =

ohms. Caleulate the current in polar form.

then recover the original w
19.  Encrypt the ward\“CL.

Then decrypt “
o

ex encryption key k= - 3 + 4i.
ol



