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MATHEMATICAL INDUCTION AND
BINOMIAL THEOREM

After studying this unit, students will be able to:

o Describe a mathematical argument, identify the base case, induction of hypothesis
and a precise conclusion.

e Apply the principle of mathematical induction to prove statements, identities,
divisibility of numbers and summation formulac.

* Evaluate and justify conclusions, communicating a position clearly in an appropriate
mathematical form in daily life.

» State and apply the Binomial Theorem to cxpand expressmns nflthe fom(a ~F b)“
where n is a positive integer. B\ N | / O, \ON S

» Describe Binomial 'I‘heorcm as expanéténnf hmomta] powérs restricted to the set of
natural numbers. (" U\~

« Calculate binomial nuefﬁménts us }ﬁstal’s triangle.

» Expand usu\lﬁﬂ]&]bmonual theorems, and use appropriate techniques to simplify the
expression.
Find'an approximate value using bmumlal theorem.

e Use binomial theorem to find the remainder when a number to some large exponent
is divided by a number.

e Use binomial theorem to find the last digit of a number, test the divisibility by a
number and compare two large numbers.

 Apply concepts of Mathematical induction and binomial theorem to real world
problems such as (puzzles, domino effects, Pascal's triangle, Economic forecasting,

: Rankmgs Vanable suhlctnng)

The concept of mathematical induction was first teding {““‘*[" ”‘ﬁc ruwthq;w-
utilized by the Italian scientist Francesco Maurolico T FE e

in 1575. During the seventeenth century, both Pierre <™= —/ &Y
de Fermat and Blaise Pascal also employed this
technique, with Fermat referring to it as the "method | |
of infinite descent." In 1883, Augustus | De Mcsrgam, SuL=S
renowned for De Mc:-rgan& laws, pravMPs\d e

meticulous description of l]he pmcf:sa \and-named it J‘F"-W(s,r_ :
mathcmaucalmdﬁﬁtpph N

G
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To ‘illustrate the u:l¢a 0!‘ mathcmancal
mduchnm Em}ismn an infinite sequence of
dominoes arranged in a line, where if one
domino falls backward, it causes the next
one to fall backward as well. Now, suppose
the first domino falls backward. What
occurs next? . . . They all fall down.
(Figure 7.1)

If the kth domino falls backward, it will also push the (k + 1)th domino backward.

To establish the connection between this visualization and the principle of mathematical induction,
consider the sentence "The nth domino falls backward", denoted as P(n). It is known that for cvery
k = 1, if P(k) is true (the kth domino falls backward), then P(k + 1) is also true (the (k + I)th
domino falls backward). Additionally, it is given that P(1) is true (the first domino falls backward).
Hence, according to the principle of mathematical induction, P(n) (the nlh ﬂomtnﬁ fallﬁ backward!

L

1

is true for every integern > 1. k. 1 .“/ N\ //, N\
7.1.2 Principle of Mathematical lnducfmn/ \\ Y\ \ |
Example: Use the metlpqd of maﬂmmmca\ mdu;lié& {0 pmve that
\\ nn+1)(n+2
N le"-. ‘ 23+34+ +n(n+1) = ( ;( )
|\ AU R 1
for all Rq#ivélintegers n',
Solution:
Here the proposition P(n) is:
nn+1)(n+2
_ 12+23+34+-+nn+1) = ( ;( )
Step 1: (Basis Step)
P(l) is true; since r Key Facts
1.2 = 11+D(+2) 8% The two steps are involved in the
3 ; mathematical induction. First one is known
>2=2 .1 as basis step and next one is known as
Step 2: (Inductive Step) I inducive step.

P(k + 1) is true whenever P(k) is true.
Let P(n) is true forn = k. i.e.;
124234344+ k(e + 1) = LT 13) o 2), e\ L
Now we prove that P(k + 1) is also frue. Fﬂf ﬁns WG add (k + 1)(.': + 1 + 1) on both sides.
1. 2(.1.‘2;3.4;34 + *\4\5:(3': O+ (k+DEFI+ 1)
J R\B\B)E k(k + 1)(k + 2)
NR NN o 3

+k+DEFI+)
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12+23+34+- +k(k+1)+Ue+1):'k‘{1y 1) Mk+1;(k+2)+(k+1)(k+2)
-&+NW*Q[+4 m+nm+nP_1
‘(k+1)(k+1+1)(k+1+2)
3

This shows that P(k + 1) is true. Thus, it is true for all positive integers.
Example: Use the method of mathematical induction to prove that

(1-2(1-3)(-3)- (-9 =77

for all positive integers 'n’.
Solution:
Here the proposition P(n) is:
1 1 1 1y 1
(1_5)(1 'E)(l "E) (1 T+ 1) Tn+1
Step 1: (Basis Step) ~ /ﬁ{ \4( \/\J

Forn=1;P(1)is

PVQWouuW

Step 2: {lnductwe Step)
In this step we will prove that P(k + 1) is true whenever P(k) is true.

This shows that M}\

Let it is true forn = k; 1.e,;

(1'%)(1‘%)(1'%)“'(1“::11) =k-:|l-1

Now multiply both sides by (1 - pro5)-

(1-2)(-3(-3)-( -5 -0 = e )
(k11)(1'k-1+2) (k11)(k:izl) (k+1)( ) k+2

_ 1

Tkt1+1 ﬁ(ungﬁ_({i
This shows thatitistrue forn = k + 1i.e.; P(k + 1} 15 lru¢ NV [ (@0~
Thus, it is true for all positive mtegers n_\\s W W
Example: Use the method of’ maﬂiemauca!‘-‘,mﬂhcﬁon o shuw that n? — 3n + 4 is an even (i.e;

divisible by 2) for all pfosgtwp mtegers n

188




Solution: W\ A2\ (¢ 3 ]

The proposition P(n). n* v 3:1 + 4 lsvan\even number for all posmve integers.

Step 1: (Basis Step) |\

Forna L P(i) 1§12 3(1) + 4 = 2 which is an even number. Thus P(1) is true.

Step 2' (Inductwe Step)

P(k + 1) is true when P(k) is true.

Let P(k) is true i.e.; k% — 3k + 4 is an even. Now P(k + 1) is:

(k+1)2-3(k+1)+4=k*+2k+1-3k—-3+4

=(k?—-3k+4)+(2k+1-3)
=(k*-3k+4)+(2k-2)
=k*-3k+4)+2(k—-1)

Which is an even because it is sum of two even numbers (k? — 3k + 4) and 2(k - 1).

=  P(k+ 1) is true. Thus, it is true for all positive integers n.

Example: Use the method of mathematical induction to show that 3" > n? for all positive

integers n. o

N (O

Solution: N\ ;j/ \ QL)
The proposition P(n) is 3" >n? fm’ dl'posmve mtegﬂm n \\ .
Step 1: (Basis Step) ~(\ A

Furn=1 W\ A\

3‘i|§|13=$3}1 ‘

P(1)is
= P(ﬁ # N
Step 2: (Inductwe Step)
P(k + 1) is true when P(k) is true.
Letitistrue forn = k. i.e.;
3k > k2
Now 3*¥*1 =3 x 3% = 3k 4 3k 4 3k 5 3k 4 3k
= 3k 5 j2 4 3k » 3% > k?istrueforn=k
Also3*>2k+1 fork>1
=53 k2 42k + 1
=31 s (k4 1)2
This shows that P(k + 1) is true. Thus, true for all positive integers n.
Example: Use the method of mathematical induction toshow that o7\
4446 +H462+H460 4+ 46" = o ""furauposmvammg;m =
Solution: . 78 L U
We have to prove thr. pmpomtmn \(ﬁ“ﬂiat 4+46+46°+46°+ - +46"= i('%l"l
by mathematical induction.
Step 1:( asis ‘Step)
Forn=10
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+
4 = M =
5 5\
=P(0)istrue _ [\ ,«l?-J |
Step 2: (InduGtive Step)
P(k + 1) is true when P(k) is true.
Letitis true forn = k. 1.¢.;

4(6k+1 - 1) (1)

5
Now we have to show that proposition is true forn=k + 1.

Adding 4. 6**on both sides of equation (1), we get:

44+46+46%+4.6%+ - +46"=

4 K+1 _
4446+ 46%+ 463 + -+ 465 + 4,651 = ET—D + 4. 6*+1
_4.(6+ —145.6%1)
- 5

_4 (6.6 - 1) _4 (642 — 1) g
B 5 -_l e |\/—5 \ C ) /‘ L_.\ ‘3\"_.'-"
This shows that P(k + 1) is truc. Thus, truc fo;: all Pﬂsmveﬁmtégem\h; (0o~

I i VA A~70\ O\ \\ U \\
\/ / \ |\ \ 4\ iy R
- Y\ \\ \\ \ ~>"

By the method of- ﬂql mpéthemanca] mductmn prove the following when n is an integer.
RPEPIN: ISk n="CE yn>1

2 1242243042 < HOHNEMD -y 5 g

2 2
3, 13+z3+33+---+n3="—‘-’i§3— vn21

1 1 1 _n
4. + + 7.10 toet (3n-2)(2n+1)  3n+1 Yol

2 .
> 12*‘32+52+"'+(2n—1)2=J—Mr; ) ynz1

Al
6. 43+44+45+_"+43=u Yn=3

3
1 1 1 1 . n

T 2 + 2.3 + 3.+'+ + nm+1) * n+l Vnz1
3 4 5 n+z 1

8. 122 + 2.3.22 + 3423 L n(n+1).2" (n+1)2"
5 6 n+4 _ n(3n+7)— ’f{:‘».\,' [

9. 1.23 + 2.3.4 + 3.4.5 tet n(n+1)[n+2;l 2(n+1){n+2) |

10. 7+?7+7?7+---+777_ :fm,,,, mo’*ﬂ-gn-m) vn21
1. 13+33+53+ I(2n+1)3—{n+1)2(2n +4n+1) vn=0
12. 120+;1211+3§ P tn, 2“‘1—(n 1).2"+1  ¥n2l
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13. 110 +2.2! + 330+ ‘»n/n' = ( + 1)1 e e

14, (1--—1;%;“-—"‘3(1——) (1——-)_"” Vn22

b
15. %Hﬁ(s I) G %) "(2n+1 2n+2) {zniz}z vnz0

16. 1-2422 =23 4 4 (-1)2n = 2C2 vn>1

7. (5)+ () +G)++() =2 Vnz0
18. (7)+2(3) +3(5) ++n() =n2m vnz1

9. () +3() +3Q)+ - +2m () = T Vnzo

Prove the followings by mathematical induction.

20. n? + 2n is divisible by 3 vnz=1
21. 6 is a factor of n(n? + 5) .vnz1 PN
4pcn2 AC /;)/?\ F\a‘\
22, L‘E’_‘__:;‘_"ﬂ s a rational numher A ey N | 1‘/’;/ \ o
\ M\ \ \‘v, f o~
23. 4" + 15n — 1 is divisible h)@ rV 2 1) \ ‘. V)

\ \

Prove me\f%l‘W\mEquﬂltms by using the method of mathematical induction.

24, 7" —-2"is dmﬁblebﬁ \\ nd \\_‘\ \>

zs%}kk n+1)! V22
26. 5" +9 < 6™ ' Yn=2
27. fh>—-1then1+nh<(1+h)* Vn20
28. (2")«:22"-2 V=5
n
29. ’«‘.fr‘w:.z—"; V2
30. 1+ 3n< 4" ¥Yn>0
3. nd>2n+41 vn=2
32. n! >n? Vyn=>4

7.2 Binomial Theorem
‘Bi’ mean two and ‘nominal’ mean terms. So, binomial mean an algebrmc cxpr:;ssmn consisting

(A

of two terms. e.g.,(x + ¥), (; - -) (x : 3 ) etc all are blna@als \ (\4.’;:;\'::}',; WL

Often, we need some positive intcgral powewqf blnonnal hke square cube or even higher powers.
Higher is the power the; Ihngemmll b¢ c ¢xpg:mon “To handle such problem we use binomial
theorem. General form| of Hmdmlal cxprcssmn is a (@ + b)™ where n is a positive integer. We can
expand maeﬁmql&h (a e b)“ by using binomial theorem. Another way to expand (a + b)"is the

use ofP&y:n al's triangle.
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7.2.1 Pascal’s Triangle o N ntn \\ | C » e

N o\

VN
\J '\\”\ NN

\l

et . e S—

— S S e e o

This triangle of positive integers is known as Pascal’s triangle. How the Pascal triangle is
helpful in the binomial expansion; observe some positive integral powers of (a + b)™.
forn=1 (a+b)=a+b

forn=2 [a+b)z=az+2ab+b2 )

forn =3 (a+b)? = a® + 3a%b + 3ab? + b3 N
1%)0f

forn=4 (a + b)* = a* + 4a®b 6a?lk + \+ @JD

Observe that the binomial coeﬁ' t:lents (\91'@ \@J

forn=1 \\ ?f\

forn=2 N o \ \\ \

forn = 3NN RN 303

forn = 4 1 4 6 4" 1

Which are same as the first four rows of the Pascal’s triangle.

In this way we can find the binomial coefficients from the Pascal triangle by considering its nt"
row; for the expansion of (a + b)™. Also from the above expansion note that, expansion starts
with a" and in cach next term exponent of a is decreased by | and the exponent of b is
increased by 1. The expansiun ends with the term b",

© & . - Key Facts J

X Expansmn by using Pascal’s triangle is convenient whcn n is a small positive integer.

Example: Expand (1 + 2x)® with the help of pascal’s triangle.

Solution:

Herc a = 1; b = 2x and n = 6. For the binomial coefficients we nu_zed lhe ﬁm;aw of [hc
Pascal’s triangle. AN \ | /,/ (O

Herea = 1; b= 2xand n = 6. For the hmdxﬂml J:ﬂﬂfﬁcli:ms w‘\mpeﬁ the 6“‘ row of the
Pascal’s triangle. {_) \ o "‘\/-\\\ \\\A ™

1% Row - A 1 1

2" Row ——=t LSS

3% Row_N ¢« I 3 5 1

4" Row » 1 4 6 4 |
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Th us \ \ L

(1+ 2x)¥ ﬁlﬁi\\ﬂw\é(l)s(h) + 15(1)*(2x)2 + 20(1)3(2x)® + 15(1)2(2x)* + 6(1)* (2x)°
+ 1(2x)8
= 1(1) + 6(2x) + 15(4x2) + 20(8x3) + 15(16x*) + 6(32x°) + 64x°
=1+ 12x + 60x? + 160x* + 240x* + 192x° + 64x°
Example: Expand (2 - %)5 with the help of Pascal’s triangle.
Solution:
5

(-3 - o+(- 3
Herca=2; b= e ! and n = 5. For binomial coefficients we need 5% row of the Pascal’s
triangle.
1* Row
2™ Row

i
o — & ufﬁ/a i

R y\\\@
W 1 1 1)} 1
2+(-3)] =12 + 5020 (=5)+ 102 (=) +10002(-3) +5@ (-3)
(-3
- 1(32)+5(16)(——)+10(8)L =)+ 10 (-5 )+5(2)(, )+1(- 1)

=R2-Z+5-Z+o-=
x

4

x5

7.2.2 Binomial Theorem
Statement: If a and b arc any two real numbers and n is a positive intcger then

n - - -
(a+b)" = (5)a +(7) a"b* + (5) an2b? 4+ 1) alb"1 4+ (ﬂ) a®h™
Proof: = /m MWL
We will prove this with the help of mamem:mcai mducnm \\! - / c, \o \W\f’

Step 1: (Basis Step)
Forn=1

(a+b)! *Mw‘b 4 }ai Th = (Da() + (DD = a+b
True f u&w\‘

ey ————
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Nt W/
A O /' AT\ \
Step 2: (Inductive Step) - \ 7\

Letitis true forn = k. i.e.; O \ \¢ -’:\"\\"a \\ \ j/‘
Kk — kﬂ-ai RY k-2p2 k-1 ¢ (kY gopk

(a+b) (UL \N"Q@) L +( ) b2 + +(k 1)ab +(i)a%

Now we w:l hwe ﬁmt it is true for n = k + 1. For this multiply the above equation by @ + b on

both sides.

(a + b)(a +b)* = (a+b) [(’5) akh® + (’{) ak-1pt + (’2‘) ak2b? + -+ (k 1) abk-1 4 (f‘) a“h"]

= (a + b))kt = a[(g) akb® + (!{) ak~1h' + (g) ak-2p? + . + (k E 1) ab* ! + (::) a“b"]ﬁ

+b [(k) akp® + (I{) a*-1p! + (g) a*"2b% + -+ (k . 1) ab¥-1 + (D a”b"]
e[ (et o aen (F Joo s (e

() s (e v (F Jat (o

By collecting the like terms, we have,

(a+ b)Y+t = (g) ak+1p0 + [(k) ] a*b + [ k)] a*=1p? 4 + ab*
| + () ate W@@ é @@@
- “ W@Qg
QN g, -3
(E)+ () (’”‘1) for0sr<k

(a+b)"”=(k:1)a“‘b° e+ (a4 r ( KFT Yapt

1 2 k+1-1
k+ 1Y o, k41
+(k+1)ab

This shows that it is truc for n = k + 1; hence it is true for all positivc integer n.

Some Properties of Binomial Expansion
I.  The number of terms in the expansion of (@ + b)" is one more than the index n.
2. The sum of exponents of a and b in each term of the expansion of (a + b)" is n.
3.  The coefficients of the terms equidistant from the beginning and the end are same.
4. Ifniseven then there will be odd number of tcrms in the expansion of (a +b% gn the
‘ e\ = 3 \o\ 2o~
middle term in this expanslon is the (-r + (D) ‘= (3—* p\ N | (S€

/
1’ _}




5. 1fnis odd then there will be even number of tanm m the expansmn uf (a\F b)“ So there

1 1 .

: \th | th
will be two middie terms in the expansn{n, these arﬁ (—-——) and (—) terms of the

expansion. \ )

6. Intheex nsm;n qu (a. + b)" exp—anent of a is n and the exponent of b is zero in the first
term. IH each' next term exponent of a is decreased by 1 and the exponent of b is increased
by 1. In the last term exponent a becomes zero and the exponent of bis reached to n.

7. Any particular (r + 1)*® term from beginning also known as general term in the expansion
of (a + b)" is given by
Tpyy = (:) a*Th"
8. A term which is at r*" position from the end in the expansion of (a + b)™ is at
(n+ 2 — r)*® position from the beginning.
Example: Expand (x — y)° using binomial theorem.
Solution:

(c=y)* =[x+ (=y)F°
=(f,)15(-3’)“+ HECRIHE SEUM i) zi.\y}-" %@fcﬁy)*
Now the bmmmal coefficients aref | '

(5) St _h W\
0TI N
(5) g 5! 5><4'
U NG 1x4 4
(5)_ 58 8 _5x4x3l_
2/ 2(5-2)1 2Ux31 2x1x3
(5 _ 5! _ 5 S5X4x3!
3/ 731(5-3) 3Ix2 3Ix2x1
(5)_’ 5! 5! Sx4
4/ THGE -2 MxlU Hx1

5! 5!
(5)= =——=1
5/ 01(5—-0) 1x5!

Substituting values in equation (1)
= (Dx5(=)° + (S)x* (=) + (10)x3(—y)* + (10)::2(—31? + (B)x =y

+ (D)x°(=y)3 ~ 12\ (CLONB S
=x%-5Sx*y + 10x3y - lszy #Sxy*

~—~N \ | ~ \ A/ ™
—~ N\ N | 7D \o\=2
{ ' W\ Y ( ¢ \ Q

Example: Find the cnnstaﬂttenn m the c:xpahsmn of (x + )
Solution: 7 "’J ARSI
The mnsta(’lqtéhn‘m the expansmn is independent of 'x’.

‘10
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\
Here a=2x; b -—andncjio A~ \\ \/ / ‘\\J \\o°

The general term ofbmomial ﬂxpénmm\is/

\J \”\Ni'# (‘l‘!) an-ThT

Subsntutm& values

= C) e () - ()0

- (13?) y10-2ror "

Term will be independent of x if the exponent of x is zero i.e.; 10 — 2r = 0 = 2r = 10
=r=5
Putting value of r in equation (1), we have

_ (10Y 0,5 _ - 10! 0! . 10.9.8.7.6.5!
T =(5)2 =5 o—sy MG = s' 5132 = 5232151 C°2
Te = 8064
Example: Find the 3rd term from the end in the expansion of 2 - @
Solution: Herea=2, b= —,, @ @
3™ term from the end i 15 at %ﬁ
Ty =
For fourth t
Substitutin alues;

5 =5 5! -125 -125\ 5.4.3! (=500
T3+1‘()253(,E) 3!(5—3)!22( x;) 3121(4)( x’!) 3r21( )

T, = m(msuux‘i) = —~5000x7

Example:
Find the remainder when 711 is divided by 25.
Solution:
?101 ?.7100 7. (72)50 B ?(49)5(} B 7 i
25 25 25 25 ——(50— 1)
- ) ot s (F) ot s () o (P cwrene
+ (30 s0-1)*] 2\ O

\_/\\/

= L[{soo-e + +(T) 608 ‘4‘15")(5“3‘% 1 &' (G9) G0 -1¥)
—~ ') \
( ) o ML

75l




i i . l e

= [ (soyo¢- n“ (5")(501“1 . 1)‘3\1-\(“) (S0 +( 5 50 -1¥)]

$\ j\“

Thus, the re n ]ﬁc’r is 7. ~ Ilustration
n If we divid
Example: The fourth term in the expansion of (ax - ;-) is g rc::in d\:r :;is ‘:?ELT;
Find the values of a and n. write
Solution: 3_5. =3 +i
General term of the binomial expansion is & 7
_ (n) nrpr Numerator of the fractional
T =)0 part is the remainder.

The fourth term in the expansion of (ax + i)n is

o= () a2 () = (e

Given that fourth term is g ; thus

n - - 5 1 A\\ /”‘)/'\\\,
(3)am3xme =2 o DA Nt W
Now right side of (1) is independent uf’ r,, this mé@s %bpnmt of #-to be zero. ie;n—6=0
=>n==6 t)‘,\, \\ (\ '-\ \ \\ \y\ '
Putting value of n i FqHatmn ﬁl), we' get
\“ l 3,05 o8 3 5 6543 3 5§
NN 2 TN T 2 32131 % T2
3_23 i_5
= 20a° = 3 =2a = 20

=ﬁ'a=§

7.2.3 Use of Pascal’s Triangle and Binomial Theorem in Real World Problents

Pascal triangle and binomial theorem are used in the real-world problems such as cryptography,
calculating the number of matches played in a tournament where n teams are playing, calculating
the possible number of protein structure and DNA sequence.

Example: Use pascal triangle to find the possible number of heads when three coins are tossed
simultancously.
Solution: B A\
When three coins are tossed together the f'nllawmgam the pgmhig :‘ésults & O
HHH HHT HTH HTT THH THT I‘TH T'rr AN+

0 Heads = )\ |

1 Head =
2 Heads T Presults -
3 Heads " l| “—-| Jotic result

By pascal triangle we have

etreont! Bowk Fovndation "nit- veatlbie o etc o Indeeciaen. o



T T~

0 heads lhead 2 heads 3 heads

Expand the following with the help of Pascal’s triangle.

0 (2E+g) @E+Y G -y (iv)(‘ﬁ‘ﬁ)s

Expand the followings by using binomial theorem.

O (Z-2) G@x+y e i) Gu- D (afE+b3)’
V) (1+2x—y)*(vi) (,;*’ ] ) A0\ \\\' [ ‘(” \(E=

Expand and snmp};fz /\ Liohly
0 Q+ IDx) + (1 n\ mx)* (u) (2 -3 (1 +4x2)

< i M@\Jhﬁ 2x)(1 - 08 (iv) (:99)° + (101)*

(V) (,_“) (x+) (vi) (a® + az—l‘—(al_M“

10
Find the coefficient of the 8" term in the expansion of (x2 + %)

Find the middle term in the expansion of the following.
. 1 10 .. 2 _ l 11
(i) (31 — 5 (ii) (2: Sx)
. 3 12
(1ii) ( + \/_) (iv) (a - F)
Find the specified term in the following expansions.

10
(i)  Term involving b® in the expansion of ( + sz)

12
(i)  Term involving q® in the expansion of( + 6q ) PR\

(iii)  Term involving x*y? in the expansmn of (3x*'— y)‘
(iv)  Term involving y x?' mtﬁe cxpanm()n of ()r" - 3x)5
Find the term mdcpendﬁmnf 2 nxlhq oxpansmns of the followmg

0 (2 AOBULETT G (VEegh)
Flﬁd the r"‘ term from the end in the expansion of (a + b)" where0 <r = n.
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\ '- | // \‘I ::/‘\ : l(l “ y" : ‘I-j
9. Prove that sum of all the binomial cuafﬁmems m the axpﬁlsm\n cf (a + b)" is 2"; hence or

‘‘‘‘‘‘

otherwise prove thafisum 94"/Qdd c,l' ffici

10. The sum of noe\ﬂiciemsyof ﬁﬁt thrcc terms in the expansion of (a —.;) is 559, Find the

e@y\iﬂwﬂwmg a? in the expansion.

11. If the coefficients of (r — 5)t* and (2r — 1)** term in the expansion of (1 + a)3* are
equal; then find the valuc of r.

12. If the coefficients of 2, 3 and 4™ terms in the expansion of (1 + x)?™ are in A.P., show
that 2m? —9m +7 = 0.

13. If coefficients of three consecutive terms in the expansion of (1 + x)™ are in the ratio
6 : 33:110, then find the value of n and the position of terms.

14. Prove that () +3(7) +3(5) + -+ — ( ) m 2t
15. Prove that () = 3(7) +2(3) -+ EL(T) = L.
16. Prove that (0) +;G) +22 (’2‘) ot L (n) 3 n

17. Prove that (E) ( ) +(") . + ﬂ F‘@m \Jf&\dh

W Qﬁ\
18. Use pascals triangle ;g find the'n &@uﬁe six lcoins are tossed simultaneously.
19. If 7 coins are toss% q@@h Eﬁ?mll appear.

20. Ifa coin &W au ow many times 3 tails will appear.

7.3 ﬁm lal Series

7.3.1 Expansion of (1 + x)" when n is Positive Integer

Since the index n of (1 + x)™ is a positive integer; so by using the binomial theorem we have,

(1+x)" = (g) Wre+ (7) @it + () (P2 44 () (0%

nl
= Ty O + e =g x4

nn-1) nmn-1)(n-2)!

n!
2
R

nl
21 ( Z)I

_n 2 ---++—x“
ns(”*(n—i-):” Ae-2 - Tl
(1+x}“-l+nx+n(n D2 4 oot 21 P “r?f?~

\ // \ ". B

The series on the right is termmatmg and hgs (n + 1} numbér ({thrlﬁs
7.3.2 Expansion of (1,.,, x)“ whgn n ts\{ot‘ Po;iﬁvefntegers or Fractional Number
When n is not mpw 01' fms:nonal numbcr then expansion of (1 + x)" is non-terminating. i.e.;

\\1\ - i
“ |(1+::r:)"‘ 1+nx+ (2| 1) n(n 13)I(n 2) x4t
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The above scrics will be mnvepgenﬁf |x|\<‘\1_0r —1 <’: ] < 1 -
Convergent means senTs has\a fmuc sun otherwise serics will be divergent. We will focus only
those cxpans ?nﬁ\df@ \'E x)" which are convergent.

\ - : o
The series i +nx + n(" . x? + 20 13}!(" 2) ¥3 4 ... is known as binomial series. The general

term of the binomial series is given by
nn—1)(n—- 2) (n—-r+ 1)

i1 =

'_

Expand the followings upto four terms and also find the values of x for which the series is

convergent.
1
W (1-v%)~ (). (3+ i)_; Gi). (- f’;);
(iv). 3= W = (vi) Y -
A 3o\ co
2. Approximate the value upto fom; placg of dem\m\af /‘/\ \\\ \' ,’: '\/Q g\tf/\ ),
(i)./65 : / (ﬁ.fzﬁﬁwaii Y 95)7

3. Find thrxem\u}\lélwmgx“ inthe product of (1+x7)(2++3 %)

4. If x IS so small that its square and higher powers may be neglected then prove that:

=5

~ vEEa-e _vE(, 19 L (145x) WA a0 05
) ——= (1 :r) (ii) " (3 :r)
Jﬁ+[1+%x)_s 67
i) — S =20
5. If x is so small that its cube and higher powers may be neglected then show that:
-~ (1+2) 2= (14x%)3 . 3x? .. (4+x)72+(1-2x)"° 3 15 @xz
(1) Vi-x - _T (i) (1+2x)2 = 2 + 4 x+ 32

2
6. If x is so large that G) and higher powers may be neglected then shoe that:

8
Vx2+25—Yx? +9 =~

2 < ‘\
7. Find the term involving x™ while snmph@}ng%l—;w—:;g f s

8. Identify as binomial serjes and find ‘the s{m of mefo“owmg

0 1=t () e

J\’i\ 4 47
(W“H T ey
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(iif) __

(v) 3-30sib

AN NV e show 87 5 169 1920
9. W\ Iy = 22 1!+Zi it 3]+ en show that 8y? y —

35
(ii) If*-——+ +%+ - then show that y2 — 2y — 2 = 0.
i) Ifx byl s e o g e

10. (i) If x is very nearly equal to 1 then show tha prraledead

. . i q+2p __ p !3
(ii) If p and q are approximately equal; then prove that g (q) .

3
Hence approximate the value of ( 2 )

Applications of Binomial Theorem

The binomial theorem has a wide range of applications in Mathcmancs, hkc fmdmg the remainder,

finding the digits of a number, etc. The most cnmm;an\bmumxgij thqnmn apphcatmns are as
( )
follows: '

\
- l
7 )

Finding the Last(ar Ut[if Plhwékgitofan expnnentml number
Conside mﬁﬁl \ﬁwea bcan in which numbers are written in first column while their

expo\\én 2-written in the first row and it is showing only the unit place digits.

Powers — ‘

- 11234567819

’ 0 0jofojJofofojofofo
1 Lt friryrfrfrjnrgi
2 2486|214 (8[6]|2
3 3(91711(3(9]7]1]3
4 41 6|14|6|4|16|4]|64
3 5|5|5|5(5[5([5 |55
6 6|16 [6|6[6|6|6|61]6
7 71931 (793 [1]7
8 842|684 |2]|6]|8
9 ol1]9f1[9of1]9 WER

From the table, the unit place digits for 2 are@s 2! = 2,28 = 4 23 .S 242 16 zmd 25 =32,
Since the unit digit is same as that of menumbcr 2 ;hen:fnne the c_vchclty of21s 5-1=4.Inthe
same manner we can’ ﬁnd the Eych'::lfy%{fﬂthﬂr aumbers. The cyclicity of 3, 7 and 8 is also 4. For
1, 5 and 6 the unit d|gm remams the same for all the exponents and for 4 the unit place digit is
either 4 ]:sr w!héréds for 9 itis 9 or | only. Hence, we can say that if the exponent is of the form
4n, 41 H‘~ \n+2 or 4n+3 then we can easily find the value of the unit place digits of all the
numbers.
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S
Example: Find the unit digit of: (i) 17203 ,->(ii}z"2935T—-w. (i (C®
a Y A\ \ \\ \

Vo \ L\
\ \

{ \ \\

'\ | v\ O\

\

Solution:

(i 174%™ AT
N' o\

Now 203 caww}\rjl as:
203=4x50+3
Since, the remainder is 3 so, 73 = 343
Hence the unit place digit of 172%% js 3,
(i) 29%6
As in case of 9 from the table we can see that there are only two values i.e.; 9 and 1.
So, write 26 as 4 x 6 + 2. Hence remainder is 2 that is 9% = 81. Unit place digit of 926 is 1.
(iii) 36307
As the unit place digit lS 6 which always remains 6 at unit place, s %&u@(@fﬁ}@ce.
Finding Remainder Using Binomial T ref& @J@@ﬁ ;
Example: Find the remaindﬁk{@ ' '\‘}cd by 25.
Solution: WW o |
A _7(49y" _ 7(50 - i
25 25 25
_ 7(25k —=1) 175k —25 + 25 - 7)
25 25

_25(7k —1) +18
a 25

~ The remainder = 18

403 .k oy
Example: If the fractional part of the number 21—5 IS o then find k. o~ A
] \ M\ —‘//::.\\:x\; |" &2‘0 J <f):<fl§\8/) c
Solution: \ AT QLY [~
2403 23 (24)100 Of"ﬂ\ o A\ y
15 15 v_\[,_ TN (L
\ NNN"\-J
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_ 8 0o — \ AT ‘ \\_ Y
T (16) £15+ L’j’f’ -g\{\li?u+ 1] 81.+ '

v 8hi m' \:Tn :wgéﬁ H'achonal part = —5

So, k=8

Example Find the unit digitof (i) 172°® (i) 292 (i) 36%”7
Finding Digits of a Number

Example: Find the last two digits of the number (13)'°.

Solution:

(13)1%=(169)°= (170 - 1)°

=5Cp (170)* = 3Cy (170)* + *C2 (170)° — 3Ca (170)% + *C4 (170) — °Cs

=3Co (170§ = °Cy (170)* + *C2(170)° - 5c3 (l'm)z 5C4{l?%rf'\ m) @(_“) J
A muliple of 100 +5(170) - 1 = mn;: # 349@ \ I\
(; ‘\. ‘\\ (\ r\‘. \'\_,E‘v e
* The lasttwod ? . '49\ U
oL -
W\H een T‘wo Numbers
Example: Which one is greater 99°° + 100 or 101%?
Solution:
1015 can be written as:
101%%= (100 + 1)*= 100"+ 50 . 100"+ 25 .49 . 100+ ...
99® can be written as:
= 9950= (100 - 1)®= 100 50 . 100 + 25 . 49 . 100*¥ -
Now, 101%—99%0=2[50. 100* + 25(49) (16) 1004+ ...]
=100+ 50..49., 16 . 100"+ >1005° _~\1&\CE

£ 1019-99%>1002 -\ -

= 101°%> 1( JTQQ U
1' Ji\ Jl
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Divisibility Test \\/\vﬁ\\ g\

Example: SW&H& 9” is divisible by 10.

Solution:
11°+9" = (10+1)°+ (10 - 1!

=[*Cox 10°+°C, x 108+... +9Co] + [MCox 10" = 11Cy x 10"+, +''Cyy]

=9Cox 10°+°C; % 108+ ... +°Cgx 10+ 1+ 10" ="'C; x 10"+ .., +""Cjox 10 -1

=10°Cox 108+°C; x 107+ ... +°Cg+ ''Cox 10'°=11Cy x 10°+ ... + ''Cy0]

= |0k, which is divisible by 10.

e A

& Excercise 7.4

Find the unit place dl

8205 is divided by 48.

Find the remaind
If fracgmna! part of number —1 is —, then find the value of k.

31‘
Find the last one or two digits of the number where applicable.
a. 15* b. 377 c. 29'
Which of the following is a larger number?
a.  98%+100% or 102°° b. 47° + 50* or 53%°
Show that 12'° + 8'% is divisible by 10.

Show that 22%° + 18% is divisible by 20.

Use binomial theorem to find the remainder when 5192 is divided by 13.
What is the remainder when 171717 is divided by 9.

Using Binomial Theorem, indicate which number is larger (1.1 YO or 1000.
Show that 9"*! — 8n — 9 is divisible by 64, whenever » is a positive teger.

If a and b arc distinct integers, prove that @ — b is a factor of a” bi\ vh @E\.g
positive integer. 0\ (\ m
Show that 6™*3 — Bn —6is dmsn%\ \
K\ \m/\\ \
V

s
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Descnbmg a thcmat:cal argumcnt and 1dent1fymg the base case, induction of
? ahid ap precise conclusion,

ﬁplying thc principle of mathematical induction to prove statements, identities,
divisibility of numbers and summation formulae.
Evaluating and justifying conclusions, communicating a position clearly in an appropriate
mathematical form in daily life.
Stating and applying the Binomial Theorem to expand expressions of the form (a + b)"
where n is a positive integer.
Describing Binomial Theorem as expansion of binomial powers restricted to the set of
natural numbers,
Calculating binomial coefficients using Pascal’s triangle.
Expanding the binomial theorems, and using appropriate techniques to simplify the
expression.
Finding an approximate value using binomial theorem.
Using binomial theorem to find the remainder when a number to some larggfexpnnen! is
divided by a number. \[ >\ (CLOW
Using binomial theorem to find thedast di d;glt ofa ﬂumbi}g tcmﬁg the dwmbmty by a

number and co e n m’bgm ) \\ A\ B R
Applying concqﬁm f ME amatmhdmﬁou and binomial theorem to real world
problems su s (pﬁzzl&s, domino effects, Pascal's triangle, Economic forecasting,

I{ Wﬁ%l\ﬂ ble subletting).

B Revich EXiRiis suistmanaiiire s

Select the correct option:
(i)  Mathematical induction is used to check a proposition for all n where n is a/an:
(a) real number (b) rational number  (c) integer  (d) positive integer

(i) A mathematical statement which is true for all positive integers is also true for all:
(a) negative integers  (b) positive numbers (c) whole numbers  (d) none
(i) Ifnis cv:n positive imt‘:ger then the middle term in the expansion of (a + b)" is:

—1\th n th
(a) ( ) term (b)( H) term (c) (1-1) term (d) (— ) term
(iv)  Inthe expansion of (@ + b)?° a term is at the 11 posatlon usposmon from the
end is: RN %

(a) 9" Lo)10" U\ 10 ) w0 (d) 120
(v)  The cocﬂ'lctent nf tha 3" Tast tctm m thc expansion of (1 + )i
20000 0\ by 44850 (c) 303 (d) 4305600

{m ’{‘31‘:3[1‘30;‘6\51! & (121) + ( 4 ) +otk (1(1,) is equal to
\J () 211 (b} 212 (C) 210 (d) 211 _



(vii)  Ifthe third term m th; expansmn at’ (1 +fo" 15/— t xz then lhe value of p is:
(a) 2 ' T‘ )1/2 (c)4 ()3
(viii) The q?qﬁéicﬁféf X" in thc expansion of (1 + x + x% ++--)™™ where n is a even
o ber:
(a) 1 (b) -1 (c)n (d-n+1
(ix)  The greatest cocfficient in the expansion of (1 + x)0 is:
10 10 10
(a) 2* ® () ©(,) @2
(x)  Binomial series (2 + 3x)~ /2 is valid when:
@ Ixl <1 (b) Il <1 ©@lxl<: @kl <3
Using principle of mathematical induction prove that for all positive integersn:
1 i 1 T o pe n(n+3)
123 234 nn+ D(n+2) 4n+10n+2)
The ratio of coefficients of three consecutive terms in the binomial expansion of (1 g{ -Hc)"‘
is 2 : 15 : 70. Find the average of the three coeff'clcnts / f \ \w \) 5
Show that the expansion of (x + ) rdoe@:qtﬁuﬁmm 3@)\'\\ l,nvof ving -

If @ and 8 are nearly egu@ﬂ;q}. sl{}, \}m {LTA a:z ; a+ﬂ
If 2C, IE‘NIW\%Mﬂimerit in the expansion of (1 + x)?? then ﬁnd BC,.

theorem to prove that 6™ — 5" leaves a remainder 1, when divided by 5.

Use bin
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