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MATRICES AND DETERMINAN TS

After studying this unit, students will be able to:

e Apply matrix operations (addition/subtraction and multiplication of (matrices) with

" real and complex entries.

» Evaluate determinants of 3 x 3 matrix by using cofactors and properties of
determinants.

» Use row operations to find the inverse and the rank of a matrix.

» Explain a consistent and inconsistent system of linear equations and demonstrate '
through examples 1

¢ Solve a system of 3 by 3 nonhomogeneous linear equations by using matrix 1
inversion method and Cramer’s Rule. 1

o Solve a system of three homogencuus linear equahuns i @@@the
Gaussian climination method. e

«  Apply concepts of malnccq to real o) raphic design, data
encryption, seismi naformatmn of gecometric shapes,
social network analysis

\J
A very common use of matrices in daily life is
encryption. We usc them to scramble data for security
purposc and to encode and decode this data. There is a
key that helps cncode and decode data which is
generated by matrices. The screen of any electronic
device, like smart phone or LED TV. screen is
essentially a pixel matrix. When we rotate the phone
and it is in landscape form. The matrix is actually
rotated using the transpose. When we touch the screen
of a cell phone at some specific position; the position is
caleulated by matrix properties.

In mathematics we use matrices to solve the sysiem
of lincar equations. Matrices are also used frequently
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In 19" century the term matrix was introduced by E hﬁﬁ ma*thcmau\an\.laﬁms Sylvester. Then after
taking the idea of matrices from Sylvcblﬂ, ’nhun gaxeyxdevciupbd the algebra of matrices and
published two papers in lgﬁﬂm n‘ :@stcm\o lmearf‘uquatmns matrices was applied by Cayley's
where they are stnllusefu\‘ ‘ \

\’\\J |\ |\J\(

B SR T TR P AT e, < g




2.1 Matrices

A matrix is an array of numl:fcrs mngc ’ ,‘n.,\tﬁnzonfal and vertlcal lines enclosed within square
brackets. Matrices ar .usuﬂly danntedwnh capital letters.
The honmnla{ iineél are kﬂown as rows of the matrix and vertical lines

are known as culumns of the matrix. e.g.; ’ i i M rows

-2 4 8 i
Each number in the matrix is called an element or entry of the matrix.. Every element in the
matrix has definite position which can be specified by the number of rows first and then aumber
of column where it exists. In the above matrix position of element ‘8’ is determined where
second row and third column meet each other. In general, an element in the ith row and the jth
column is denoted by a;; and the matrix 4 generally is written as A = [ay].
2.1.1 Order of a Matrix
How many rows and columns are there in a matrix is known as order of the matrix. If a matrix A
has m number of rows and n number of columns then the order of the matnx is m x/,rr ﬁr m-by-n.

\

We always write number of rows first then number of co!uml;s < \, ' /O \ 8\
If we multiply m by n; it gives us the total numbcmf elemwts m\tha :haﬁ'ﬁt e.g.; if there are 3
rows and 2 columns in a mpm‘x A thmuts m{r js 3»>< Q,Oﬁcn we Write Aszx2. The product of 3
and 2 is 6; so, there are six c[¢mems m matnx

Equality of h}ﬁ(rwﬁsij H o\

Any two rﬂﬁ&a es are said to bc equal if both have same order and same corresponding elements.
Consider matrices A = Iz 1] and B = [2 1].

Here both matrices A and B are of same order 3 X 2 and also have same corresponding elements.
Thus they are equal. We write A =B.

2.1.2 Types of Matrices
Row Matrix or Row Vector
If there is only one row in a matrix then the matrix is called row matrix or row vector, e.g.;

=[1 3 6 2lixs B=[2 5lix C = [5]1x1

D=[3 0 1 9 2]xs areall row matrices.
In general, if a row matrix A having n number of columns is

[n M2 %13 ":"*Fm],,lxn ~X\ |

Column Matrix or Column Vector | L
If there is nnly one columnm a m,ﬂfm thenﬂm maﬁ*tx 15 called calumn matrix or column vector.

E.g..ﬂ— ' I‘J‘ﬁ"

C= [;]m D = [6],x4 are column matrices.
4 3x1 t
4x1

-
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In gcner%w@{ﬁﬂwﬁx wuth m numbcr of rows is

-Am1 dmx1
Square Matrix

A matrix which has equal number of rows and columns is called a square matrix. i.e.; if a matrix
has n number of rows and n number of columns then it is called square matrix and its order is

3 1 1 6 9]
nxn.e.g; [ ] , |0 1 =2] , [3]yx; are square matrices.
S T 3 3 5l

Rectangular Matrix
If the number of rows are not equal to the number of columns in a matrix then the matrix is
called a rectangular matrix. i.e.; if a matrix has m number of rows and n number of columns and

m # n then the matrix is a rectangular matrix. e.g.; m
IANCE

;3 m[ L,h —z@lg ﬂl

Zero or Null Matrix E\/\\
If all the entries (el ht are zero then the matrix is called null or zero matrix. A

Zero ma oted by Om,m e.g.;
0 0 01
0 of, [0 0 0 0], [ , |0}, [0] are zero matrices.
00
0 0 0
Diagonal of a Matrix
Consider a square matrix A of order 3 x 3 _XSecondary diagonal

A”ai
yﬂzz, « 23L
1"““32 Main diagonal

Then elements a,, G55, @33 with same subscripts form the main diagonal or principal diagonal of
the matrix and the elements a3, @23, @3, in which 1* script is increased by 1 and 2™ is
decreased by 1 form the secondary diagonal of matrix. In general, for a square matrix A of order
n X n primary and secondary diagonals are shown as under: PN

Sec‘@mlm dmgonal
ﬂ;{um“?@ , ( o0~
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The elements of the mam dmgonaj ari: m1 az; 4'133\- lu.,a,m and the elements of the secondary
i %

diagonal are a,, zn-1:(-
Diagonal Matnfﬁ'\l AR
A nqun%' which all the clements except the main diagonal are zero and the main
diagonal has at least one non zero clement is called a diagonal matrix.

If A =[a J]mm is a square matrix of order » then it is called a diagonal matrix if a;; = 0 when

i # j and a;; # O for atleast one i = j where i =1,2,3 ..,nandj =1,2,3, ..,n.

2 ° 0 10 , .

[ ] ’0 0 Ol [U 0] ;  [3] are diagonal matrices.
0 0 2

Scalar Mamx

A diagonal matrix in which all the diagonal elements are same but not zero is called a scalar

a;; =0fori #
matrix. i.e.; if A = [au}“xn { = J

ay =kfori=j where & is a non-zero scalar.

k 00 2 00 _
e.g.; [0 k Dlwherek#:[]; [0 2 OL . —dJ’“/
0 0 k 0 a 2 \“‘\ \
V\ J_\ \\\\ u \\\jx\\ -

Identity or Unit Matri:Q’ \\ 0 0\ \\ \ -
A scalar ma w;:h\a\u the' diﬁgunal elements are equal to 1 is known as an identity matrix:
An 1%&& usually denoted by Ip,xn; or simply I. For an identity matrix
] ajy=0fori+j
- f=[a!j]'{a!j=1f°ri=j

1 0 00
e.g.; [0 1 [0 1 D] ,[1)1x1 are identity matrices.
22 |0 0 1l
Upper Trlangu!nr Matrix

A square matrix in which all the elements lying below the main diagonal are zero; is called an

123 ..
upper triangular matrix. i.e.; if 4 = [“U]nma“d a;; = 0 wherei > j; (J =123.. ) then 4 is

an upper triangular matrix,
e.8.; [W] , [KQ] 1‘(@] are upper triangular matrices.
w0 /A
Lower Triangular Matrix A Tlhan “/f \\ .' (”’,\f‘s "3"\""
A square matrix in Wh.ll’:l‘l all the menxs lynfg ahovc he' thais diagonal are zero; is called a
QN e 0p\ 123.. .
lower tnangular malnx 1 e"' lfA = [“I.f} and au = 0 wherei < f; (j 123. )then,.f is

s




00 6 0 1
eg; ;'\1\0]. [g N ]
—6—2

N o
Triangular mi \ﬁ'\ NI NN
A square matrix which is either upper triangular or lower triangular is called a triangular matrix.

e — ——

ey aels

Go. .y ® Sum, difference or product of upper ﬂuwer) triangular matrices is again upper (lower) matrix.
.| » Diagonal matrix is both upper and lower triangular matrices.

|
onal mat |
. — | |

. Transpose of a Matrix
If A is any matrix of order m X n then the matrix which is ob!amed by interchanging rows with

columns of the matrix is called transpose of the matrix and is denoted by A*. Note that the order
of the A" isn X m.

ea_[2 1 6
€8 ‘”‘[n 2 3]2><3
2 0
A'=|1 2
6 3l3x;

Symmetric \!atru\l |
Fora squareﬁ\@\ﬁﬂ \A\ A‘ then A is called a symmetric matrix, e.g,; if

* IfAis square matnx, then order pf‘ztgnd

‘ e S T ST

At is same. \\,) W\

\ 3 e? \ @n\jllar matrix is
*\1 jaen ular matrix and vice

) \fvﬂrsa

S—_—

1 2 5
A=12 6 4‘,thenfl’=2 6 —4
5 —4 3. 5 —4 3

Since A = A*, 50 4 is a symmetric matrix. Observe that in symmetric matrix a;; = a;; Vi # j.

Skew Symmetric Matrix .
A square matrix 4 is called skew symmetric if A = —A°.

[0 2 —6]
eg,ifA=|-2 0 §
L 6 =5 0.
(0 -2 6] 0 2 -6
ThenA'=|2 0 =5 =—[—2 0 5]=—A
-6 5 0| 6 -5 0
So, 4 is skew symmetric. N\ ON W

Note that in a skew-symmetric matrix a; ; = -aﬂ v i J a“d/"*ij %\ JJ- | ﬁi ;'= o \U)U L

\J l\\JI\J '\\j'\J I

28 (‘I"""'""“'P“""‘R““""'"' —— s S ——
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c bﬂ the f‘ollnwmg matrices.

1.
| n3o0 2
=|; 1] Gi) B= [ 2] i) €=
vy D=[2 1 6 8] v) E=[3] (vi) F= [
2. Identify the following mamccaassqua:c matrix, rectangular matrix, row mamx or column
matrix. _
Q) A=:§ ‘j_’ :‘; (ii) B = [ l (iii) C = “
1 6 9]
ivy D=2 0 1 WME=[2 0 1] (viF=[16]
3 1 2
3, Identify the diagonal matrix, scalar matrix, identity matrix, lower mang/ular;gatruc, upper
triangular matrix. ; =R :;/\-\
3 0 0 (-6 0 i”a,_:-
A=|0 1 ol =10\/76(@|: z,_'z 0];
2 6 00\ \CL 0, \*Q =
1 0@\ \\\ '2- V3 1 2
R Jﬂ gh%@ - E =0 3 ﬂ 1o 0 6
NUNR Ut 0 0 o 0 0 1
1 0 0] :
G=lo o of; H= E g]
0 0 o "

4. Find the ﬁanspose of the following matrices and identify which one of them are symmetric
and which are skew-symmetric.

20 2 6
A=V 5]; B=[1 6 2 o  C=[ J]:

l1 9

0 1 9 3 -6 9 0 1
D=|-1 0 5; E=|-6 2 0‘: F=l0 6 3

-9 -5 0 l9 0 o 001

2.2 Alvehra of Matrices _ a2\ © C
2.2.1 Sealar Multiplication o N\antal -
Ifk is a non-zero scalaxand A= {ﬂu]" /\is

| A " ‘5-mamx of order m X n, then the product of matrix

A and scalar k is dcnoted by the mamxh the matrix obtained by multiplying the scalar with

each of the elefrqqnm Hf‘ the matrix A.
l | ‘
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If
@y, @ @3 - - - %] [kan  kag kajiz . . . kain]
Az Gy Q23 . -+ - G2n kay, kaz; kaxz . . . Kag
kA=k|%1 a3z @33 - - - Q3n | = kﬂ.;l kﬂaz kﬂgg e kagn
Qmi Qmz @ma - . . Gmad lkapy Kame Kams - . . Kamgpd

In particular if A = [: 3 5] then

ey Faets

24=2[; 2
hy Lo
_{zx%@xﬂ3 @@m
Addiﬁonww

In general, we cannot add any two matrices. Only those matrices are conformable for addition

which have the same order.

IfA=[ay] _ and B =][b;] _ areany two matrices of same order m x n then 4 + B is also
men mXn ‘

a matrix of order m X n in which each of its elements is the sum of corresponding elements of 4
and B. If we assume that 4 + B = C where C = [¢;]  thency; =a;; +by VijEN
Subtraction of Matrices

Like addition of matrices, we can subtract two matrices which have same order.

IfA=[ay]  andB=[b;] areany two matrices of same order m X n then A — B is also
a matrix of order m X n in which each of its element is the difference of the corresponding
elements of A and B. If we assume that 4 — B = C where € = [c;y]

then Eu =ﬂu—bu Vi,)‘EN \ \/9_\

1\

Solution: O \\ Y«:@\L\\
6]

q\\
D
grasel Hs :

\1 \ﬂ
Example: Find 4 + Band 4 - — B where 4 = @ ?\T{ sa o \o
- 1\ \\ \) \

3+(—2) 0+ 6
2+0 1+0] [ 1]
6+2 5+1
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0
A-B= 2 i 1

WEARSAK D, 5 3
'r-r [~2~\0 \BY = D] 1 1]
=2 5 1 4 4
Multiplication of Matnces

Two matrice; Alaqql B Jﬂ'e caufonnable for multiplication if number of columns of 4 is equal to
number oRDWs Of B, If A = [a; j] . is a matrix of order m x n and B = [b; j]
of order n X p then the order of 4B is m X p .

Assume that AB = [¢; j]mxp;Whem cyy is the sum of the clements obtained by multiplying the

corresponding elements of the ithrow of a matrix 4 with corresponding elements of the jth
column of matrix B. For AB = C, we have:

1s a matrix

(@17 @1 T3 - Qyn 1 [byy bz bys . E o by
Qz1 Gy Oz flz“ b2 ba ba . byl - byp
A=|ag @z  ag an| ;B =| . '

o> € = @)(by;) + (@2)(byj) + -+ (@in)(Buy)
@ —» Cij i=11.2,£,...,mn 2§ i j

where} =1,23,..p

€1 Cnz €n3 . Cpj + C

310

Example: Find the product AB for the given matrices A = [2 ] 5 4
2x3
3x2

Solution:

Matrices 4 and B are conformable for the product of 4B, since the number of columns of 4 and
the number of rows of B is the same.

1 3)3 4 o (D@ +3)2) WW+E)E) (1)) +3)(@)
AB= [2 1] 2 5 4/ =|AA)+ME@) W+ @WE) (2)(0)+ (1))
6 0 (6)3) + (0)(2) ©1)+ @) (6)(0J+(0)(4)

346 1415 0+12 RPRE
=|6+3 2+5 0+4 i Kniun
[184+0 '6+0 040 If‘twungameamndam
(9 16 12 T\ ~0 \_jpsnge ' cOnformable for thesproduct AB,
=9 7 4] ~ A\ 2\ % then it is not necessary that they
18 6 Oﬁ- \\ A\ \\U) @l are conformable for the product
AR LB |

l :
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Note that order of AB = 3 x{z 2% 35 3693 \\

Example: F md thc J?n”juct ABfor the gwen matrices.

Solution:
The number of columns of 4 and the number of rows of B is same. So they are conformable for
the pmduct AB. Now

f sl o 2l

(21)(3) + 1(2!) =)+ () @D+ QA)(-20)
[(-D@3) + (Bi)(2)) (=i))(=i) +(3i)(0) (=)D + Bi)(-2D)
[ 6i+2( =2i24+0 21‘2—21']

—3i+6i2 2+0 —i*-6i°

[ 8i -2(-1) 2(-1)-2i ]
T |-3i+6(-1) -1 —(-1)-6(-1) e\
_ . i .__ /—\\ )/‘,:\'.\ (\\'u \ \\
_ Bi 2 =2-2i ~ 1)\ OV
- ] O\ - ACaNY [ (B0
-3i—6 -1 ? O A\ . AN Q\ \ [\ oA~
Orderof AB=2x(2 2x3=2x3 |\ 70\(( \ UL = U
22 Commutative I‘@mq&ﬁmfﬁmﬂ@iwf L. ‘ulditinu

Any two matrices_ H{Fﬁ\ﬂl ém cunfoﬁna’ble for addition holds commutative property w. r. t.
addltmm@@n\s\@g} o matrices A = [ay;] ps A0dB=[by], 50
_[#11 Gz s _[b11 b1z b13]
A=lay ax “23] whe [bn by b
A+B = [‘111 +byy Gz +b; a;t bn]
@y +byy Gy + by Gp3 + basl
_[butan butaz bt ﬂ13]
by1+ay by + @y byztap
by by bla] ay; @z Q3
byy by baa + [az:t azz ‘-123] b
Example: Verify the commutative property of addition for the given matrices:
316 0 -1 3
A=|2 1 3|landB=|1 2 4
0 21 -7 3 1 n
Solution: _ a0

-1 3 3&ﬁwwi¢( Q 5+3
A+B= h 2 /ﬂ [a+1\= T2 3+4
7/ /3 \ 0+(-7)- 2+3 1+1

;. i

<\
-WWNM@»'
\\\.\l 1\\:" \J
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) A\ T € .' (@
And - “v‘ \ ’,.’7 I". "- " \

o~ //\ \
ﬁr? -* 3\ 3 /1 6 u+3 (-1)+1 3+6
f‘ [ 31 lz 1 3] 1+2 2+1  4+3
J\\”\i\ 0 2 1 (=7)+0 342 1+1
NNA 3 0 9
= [ 3 3 7] (2

-7 5 2
From (1) and (2) we have A + B = B + A, i.e.; commutative property holds w. r. t addition.
Commutative Property of Matrices w, v. t. Multiplication

In general, the commutative property w. r. t. multiplication for matrices do not hold. i.e.;
AB # BA.

Examples: For the matrices 4 = [1 2 1] B= [ 3];show that AB # BA.

0 1
AB=[§ 2 1\2 3]

(1)(0) +@)(2) e 1@1)5@@7(3) + (D)
- |
)

(aml + /ﬂ% B + 1) + 6
+4 |
b ;T\fﬁf@s 343124 =3 30
NN
WNJ\M- E i] [3 1 6
O +1)B) @) +MA) ©))+1)E)

=@M+ 3B) @@+E)1D @M+ (3)(ﬁ)l
DM+ ®HE) W@+@®HA) (W) + (46
(0+3 0+1 l}+6] [3 1 6]

Solution:

2+9 443 2+18|=|11 7 20
11+12 2+4 1+24 13 6 25

Clearly AB # BA.

223 Verilication of (AB) = BtA!
Consider the two matrices 4 and B which are conformable for the product AB.

1 2
- . _M0 1 @6
’5 6] ' B_[z 1 U]szmen -
3x2

,\/’\ -~ \.

0 1 6 |DO+@Q) D) ﬂz)(n \fl)(f-) +(2)(0)
AB = ‘[2 ] {(5)00) + (6)(2)\ (s)ﬁHcG)(l) (5)(6) + (6)(0)
PN 0) + ;13(2} @M+ @A) (@) +1)0)

(
u+4 R ﬁ+§T l 3 6]

= %}4\2 5+6 3040 12 11 30

\1 TT24+1 1240 \
\W| N 2 3 12

Vatfonal Book Fuundation - 41



T
| e
= (AB)t = 12 11 W\g\o "
Mo N\U&\M 6 30 12

0 2
a=t 32 andﬂf=[1 1]
[2 6 1] 6 0
02, <, [OD+@@ OE)+@)6) ©@+@0)
BEA* = {1 1] 2 e 3= WO+ WE+WE O+
6 0 (6)(1) + (0)(2) (6)(S) + (0) (6) (6)(2) + (0)(1)
0+4 0412 0+2 2
[1+2 5+6 2+1] [3 11 3] (2)
6+0 30+0 12+0 6 30 12
From equation (1) and (2), we have (AB)" = BA,
Example: Show that for the two matrices 4 and B which are conformable for addition

ey Foels

(A+B) = A* +B*
Solution: F¢1>1r any two matrices Am |
Consider any two matrices 4 and B of the same orde which formi I '“°’l’
a b 1 2 Effﬁ ngetncra
A=[c dl;: B= 3 thes KX “‘\‘ 1HA 4+ A)
e f 2 | = AL+ AL+ + A
b a+1 b+2 )
’%f&g%:ﬁ +13 5 —IC+3 d+5
le fI 12 5 e+2 f+6
. [a+1 b+27
> @A+B)y =|c+3 d+5| =[2F2 c*3 ;Ig 1)
le+2 f+6
\ : = T W e [1 3 2
Now A __b d f]ﬂﬂdB = 2 5 6
topt —[2 € €,M1 3 2
a8 =y g f+[; 5 6
_[a+1 c+3 e+2 (2)
“lb+2 d+5 f+6
From (1) and (2) we have,

(A+B) =A'+Bt
Example: Any square matrix can be written as the sum of#wo square matrices such that one of

them is symretric and the other is skew- smn.mntnc @ @f\g
Solution:
Consider any square matrix 4. Let we ¢ mm matrices P and 0 where
P is symmetric and Q is sk

A=P+(Q; P‘ =\F (1)

Fﬁﬂw i Q*—P+(o) . .

42 T Unit-02” Motrices and Determinants \i“wm Foundation



A+ At = zpw

NN
Now subwah}\ﬁgj equ'ahnn (2) from aquatwn (1), we have:

A—A‘-ZQ = =§(.4—A‘)
Observe that

-~
[y

Pt = %(’A+A‘) —(A'+(A‘)‘)—-(A‘+A)“-(H+A‘) P
So,Pissymmeu'it':_
gt =[ra-m =2 -y = st -y =34~ 49 =0
RO T2 | 2 2
So, O is skew-symmetric.

M

, 3 15
Example: Write the matrix A = [ 2 6 {]l as a sum of two matrices where one is symmemc

A\
12 1 VO

and the other is skcw-symmeu'ic A e «\|r"]|<% \d OV
Solution: -\\ ARAR A e

\\ \
‘\'\v\l \ \\ \ ] ,

Let A =P+ Q where 61(‘8)’@??1 n\xd\Q isskgw-swnmemc

3
1315 2 - 63 4 |} a
121 5o 1 4 2 2 |2
2 1
And
1 1f[3 1 5] B2 -ap 4[0 4 &
Q=-(A—A’)=i("2 6 0 -Il 6 2D=E L9
-121d 5o 1l %l-6 2 o
0 -7 3 ‘
= 1
; 0 -1
-3 1 0
ThusA=P+(Q
3 1
[3 1 5I S22 7 3
-] 2 1 2 61 2 o -
: 21 1 L3 4 Ted
\j “
\“\J'\“ '
Somtiemreal Rl P e 43



L. Const@f:tjq mﬁﬁﬁx} [a( j] of order 2 X 2 for which:

1+3 { »
(l) aij —2 (ii) ayy ——{ (i) ayy =3 (iv) ay =

2. Construct a matrix B = [q j] of ﬂrder 3 x 3 for which:

g i2- .. 252 ) 2,42
[1) b[j = —3'£ {II) b” = u (lll) bi! = rﬂ (]_V) bU — '[_+L

3 -1 2 2

3. IfA=’ﬂ 6 1landB=|0 ]thenﬁndamamesuchthat
-1 0 -3 -3 4 2

A+B+C=0

| . . 3 2 7/2 11 2
o 2 11,1 31_[1 0 T _
4. (i) Find A4 [3 z]A_z A= 3 (i) Find X [0 1]x—[z 4 1]

(i) IfA=[3 7] and B =[2 14] then find a non-zero matrix C such that AC = EC

‘ﬁ
“\ \ \ .
(iv) [ 0 x+ y] ¢ ] then find the valucs of z, t and 6 w\-/\\'J) U
B 0 \ \( ‘& _
V) IfA = [7 and ] = [o ﬁmﬁmf\ d&dum 4 al =
r\\ E\ 00 \ %
(w)Fmdmevalu\es\?F /:& | Ly ﬂ 0 1 0 I I =0.
, ‘\] - 2 0 4
5. fX=|2 1 2 tl:tcnprc:-\natl'lal:)f2 4X - 51 =0.
2 21
6. IfA= [3 _3] then find & and £ such that, A? + al = BA.
7. IfA= [‘; 2] then
xn
(i) Prove that for all positive integers n, A" = [y(x"—l) g]
x=1
(i) HA= [i :‘;] then prove that for all positive integers n,
n_[l1+2n —4n
A [ ol
8. Consider any two parucular matrices A and B of your choice of order an ahd 3x2
respectively and show that (AB)* = B*A". AN [ ,'K = \ \u\ ‘
9. Consider any two particular matncas A ﬁn\d B ofyom‘ chmce\af ljfdér 3x 3 and show that

(A+BY=at+g. |\ VAU

Y

10.1fA mdﬂmmmmmch thatA}}X'B and BA = A. Find A2 + B2,

ILIfA= [g.hsfq migtticof btder 3 X 3 and ay; = i% — j2 Check whether 4 is symmetric or
metric.

44 4 Plait=02  Marmees and Determinanis \, National Book Foundation
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12. For any square matrix A; prove that (A"‘)‘ =! (Af)'f \ €

13. Find the matrices X nnd Y s'l,(t:ﬁmt ZX\Y=~[; i 3] d X+3Y= [4 ]

2.3 ﬂLthﬂ.lh\-.Tﬂ\I’ AN
Not all but @\é& |\square matnx is associated with some number (real or complex). This number
is called the determinant of the matrix.

If A is any square matrix then its determinant is denoted by dct(A} or |Al.

Corresponding to the square matrix A of order n,

Ay Qg2 » - ¢ Qyn
a3 @32 . . - G2n

5

A — - 1 & M " . l K‘.‘_‘ F:ICI.\'
’ ' v mwed More than one square matrix can have
Apny QQnz . . . Qnn 54 i
. . <> same value of determinant.
The determinant of A is
an alz . 5 * ﬂ].T'I.
a;y Q3 . .- + %n
4= | R A
/R W\

py Qpz |, . . Quppl . \ \\_/ JUN
For our convenience we consider the qe;errr@apt(g of ﬂﬂ: ﬁﬁ&@ of orderup to 3 x 3.
2.3.1 Determinant of Matri s pwrdg ‘\1@( 2\ \

[+ [}
Consider a matrix A 1

QAN |\JJ o) b o
NN

|A] = |;:i z;il = Q11032 — Az10y2
Determinant of Matrix of Order 3 x 3

Q11 Gz G313
Consider a matrix A of order 3 x 3ie.; A = [321 azz ﬂza].

@31 Q32 - Q33
11 @32 Q3
A1 Gzz Qa3 .
az; @3 Qass| \
"To find the value of this determinant; we express the above determinant into the sum or
difference of determinants of order 2. This process of finding the value of the determinant is
called expansion of the determinant.
We can expand a determinant from any row or any column. Since in a determinant of order 3;
there are three rows namely Ri, Rz, Rs and three columns Ci, Cz, CJ. 50 we can axpand the
determinant in six different ways; but the value of determinant wgll mmam t!aﬁ same in'each case.
If we expand the above given determinant ﬁ'o;m 1} row i. ot ﬁnm\!h then O

G2 @z az1 ﬂza ﬂn a2z - U
Al = ay |ﬂsz ﬂaal ~ Iﬂsl( ‘a3l \qk - ﬂsz’
= a3, (azz033 - = e ajz)\ 5! \@13(a31833 — Q5303) + A13(021832 — A3203:)

This can l{?\g@qﬂ \Q&ﬁfor ‘determinants of the square matrices of higher order.

The associated determinant is |4| =

National Book Foundation ! 45
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Minor of an Element of a Sq}qar-e Matrix
Let we have any square mamxﬂféforder\ﬁ;\w A= [al j]mm: then the minor of the element
a;; of matrix is 2 dczemﬂnantofmemamx of order (n — 1) X (2 — 1) obtained by neglecting

the ith row gﬁﬂjﬁtl\ ﬁ'}lumn of the matrix A. Minor of a;; is denoted by Mj;. For example;
consider a matrix 4 of order 3 x 3.

17 Qg2 g3

A= |0 az Aaz

37 U3z Q33

ag; ay3| . . )
12 13'| is the determinant obtained by
a3z Qas

neglecting 2™ row and 1% column of the matrix A. Likewise we can find all the minors of
clements of the matrix A.

Cofactor-of an Element of a Square Matrix

For any square matrix A of order n X n, the cofactor of an element a;; of matrix A is denoted by

A;j and is defined as A;; = (—IJHIMU‘ e.g.; If

i3 Q2 Qg3 AT
A=|G; G2 a3 e\ O\

@3; Q32 Q33
Then cofactor of the element @z, is: 7\ & SR\RRER Y
Sz —~an) V4 \ NI
Apn = (-1)*'My, = (-13)[%2( &;E"[‘«.,ﬁ,\t}?-l)(ﬂfzaaa — @43Q3;) = —@y2033 + 13832

— M\ i L\ | ) .
AN\ ( ~> A ) \J ' s ; )

The minor of the element a,,; is Mz, where My, = |

1 3 0
Example: I[fA = !—1 2 6 ‘ then find M;;, M;aand A;;and A,3.
3 0 -

Solution:
Ma=|3 &= CDE-3)6) =4-18=-14

M =3 3= WO -E@E=0-9=-9

Az = (F1)"2M;; = (-1)3(-14) = (-1)(-14) = 14
Ays = (—1)3Mp3 = (-1)(-9) =9 .
2.3.2 Evaluation of the Determinant of a Square Matrix Using Cofactors
Consider a square matrix A of order 3 x 3.
@11 Q12 O3
A= |G ap ﬂzs]
[d3; d3z Qa3

a1y Gyz :,"‘ﬂ;;,{v =\

Then 4] = |81 az‘g‘\.‘"‘.ﬁ: a“ \ (L \LS NN
' ~ 1831\@32 \\@sst —
1f we expand if ot first row then:




|A] = 11 |q

W%m 013M13 '
\1 é)l”Mu + ag5(=1)1*2My; + a13(—1)1*3My,

= ay3411 + 32412 + Q13413
If we expand the detennmanl form fist column then:

14l = a Iﬂzz I_ Iﬂnz ﬂ:al
1|ay, azl~%2tlag; as

= @y Myy — az Mpy + @33 M3,
= ali(_l)"iMu + ‘121(—1)2“”21 + az, (-1)**'M
|A] = ay1A11 + Gz1421 + @3143,
From the above discussion it is clear that, |A| can be evaluated by adding the product of elements
with corresponding cofactors of any row or column of the matrix.

a |a1z ﬂﬂl
31 laz; ag

1 2 6
Example: IfA = [ 0 1 2]; then find |A| using cofactors.
-1 3 0
Solution: @1
First, we find cofactors of any one of the row arcol atrn us find the
cofactors of C5. The elements of C;are a e a3 = 6,a;3 = 2 and

WW@% I—(—l)*(o -D)=11) =1
W\N Az =(—1)‘*3| | = (-1)5(3— (-2)) = (-1)(5) = -5

An=C00 § =Cpfa-0=mw=1
= |Al = ay3éy3 + az3dz3 + A3343;
=6(1)+2(-5)+0(1)=6-10+0=—4
2.3.3 Singular and Non-Singular Matrices
Any square matrix A is called singular if |4] =
If |A| # 0 then it is called non-singular matrix.

3 12
For example, for the matrices A = [1 g] and B= [% 2 ]
4] = 1 gl = (1)2)-(3)(@)=2-12=~-10%0
V/\/—\
3 12 @@\
BI=[L ,|=®@-12(;)=6<6=0" m O
2 C o

Thus A is non-singul W
2.3.4 Adjoint q{nﬂq a\n‘

C{msnv & hatrix A of order n:

amx




a1 @2
A1 Qa2

a’&\J '\J N\ 11\\\1 ‘\1

All AZI . . . Al’ll
Ap Az .. - Am

adj(A) =|
' Alu AZn oo e Ann
If the order of the matrix A 1s 3 X 3. i.e.

a3y Qg2 Qg3 A Ay An
A=|821 G az3|thenadj(d) =|A1z A A
13 Az A

(33 d3zz O33

Multiplicative Inverse of a Square Matrix
Two square matrices of same order n are said to be the multiplicative inverses of eaclr'nfother if
their product is I, (identity matrix of order n). \\ C@\ \
Only non-singular matrices have their multi JIIC@VE inyerses \' o~
If A is a non-singular matrix thf;q its mquﬁh wg.uﬂek@ 15 dehcnedby A"l
\‘\ (AT S A ]
3.5 Adjmnt & &9% mléh}le l\nvene of a Non-bmgulnr Matrix

IfAisa non-s.\rg\ular square matrix i.e.; |A| # 0 then 4™ = — Tl adj(A)

Obviously if A is a singular then |A| = 0, then A~ = —adj (A) will not exist.

2 10
Example: If 4 = ll} 3 2] then find A~* by adjoint method.

2 1 4 ey Fuaels
Solution: ‘ -1 1
2 10 -t 47
Since |[A]=10 3 2 t{;ﬂ e If the inverse of matrix A
2 1 4 exists then it is unique.

R e —

<=2} -1l Feol

=2(12-2)-1(0-4)+0(0-6)=20+4+0=24%0  _ (|

Thus, A is non-singular. To find the adjoint of A we ﬁnd cofaat:ars qﬁal’l/ch; elenfmts of AJ
A= UMD 8 = 202 2) #ﬁ)(m) Lot )

tz= -2 ) J,_f.,jj Lol DD =4
Ais =23 Jlﬂﬁ'?’"‘f = (CDM0-6) = (-6 = =6

48 [nll ll'—' U:Ib'IA!‘Vi;’.L'ﬂ ;Ina—‘mﬁln - \ Natlonal Book Foundari
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= &)
Bt 4\ P
1\ \ \ AU
T\“\/(\.m C
\\

A= Iy Ng—iq*?( 0y =130 =
422 = AR 2| 06 -0 = 0® =8
N N‘(\' %1

A= 12]0 |=(1%@-2 = DO =0
an =0 = D'E-0 =)@ =2
Az = (D2 |2 D) = (D84 -0) = (D) = -
3= (-1 2 §=(—1)6(6_0)=(1)(e)=6

Ay Ay Ay —4 2
Now adj(d) =|A;; Apz Agp=

13 Az Az
10

L 1[m —4 2] 2;4
And A" dj(4) =~ 8 -
-6 0

o ﬂ@m‘%@@

1/4

2.3.6 VMH of the Result (AB)~! = B~14-1

Jeous

If A and B are square matrices of the same order then (AB)~* = B~*A~1, To verify this,

consider two matrices A and B of the same order.
I3 2 _n 2
L‘”“L 4““d3‘[4 3]

For LHS.

AB = ﬁ ﬂ E g] = [13: 1?5 zﬁ: 162] = [i'f' 'ﬁ

|AB] = I}; }ﬂ = (11)(14) — (17)(12) = 154 — 204 = =50
And adj(AB) = 1? -1112]

& (AB) ™ = madj(}lﬂ) s

L[ 14 ;12

(4B)™ = —5 -17 11l

Key Facts
(AB)™! = B~'A™! is known
as reversal law of inverse.

12



For R.H.S. \\ n)
1] = 3 2| - (3)(4) (1@(2)=n1“z\2— 10

adj(4); ﬁ{ﬂ [ \JT'@] and

1 - 4/10 =2 2/5 =1/5
A Iladj(’q)_'fuzr[‘#r 3= [{/10 3/;]60] [1?10 3/{(1

And|B|_|4 d=WE-@@=3-8=-5

adj(®) =[ 3, 7*|and

I _ 13 —21_[3/-5 =-2/-5|_[-3/5 2/5
B =g ®) = =13 7= [ 1) =les s
-3/5 2/51[ 2/5 -1

-14-1
AT s 4/5 -1/5]|-1/10 °

T 3\ 2 p i I\ /= PN

—1l= — . AT

— 5) (5) 1 (5} l"u..l.“U) (_4 A ,./\g—f/‘\\_./) U Y

| 2 \TaeA ) \
- e {21

~NE
WN\NJW

From (1) and (2) we have (AB)~! = B~14™1

1.

2.

Evaluate the determinant of the following matrices.

2 3 1 [cosf® —sin@ 0]
(i) 1 -1 2] (i) |sinf cosé@ []]
4 1 2 0 0 1 ]
i3 =2i 24+i 1 i PR\
(i) |1 3° 4 ] (iv| 0 2 11 /__,_\:\-»- \"”’.'&/'.:3 (_\v Sh
0 1 2 =gt N@l\(0\\ [ (520

Evaluate the detcmnnams of thc fpllowmg lﬁatnces uSmQ cofactor method.

3 2 3 2_31,, \TA n2. 13721
(® [4 5 1} N {u}[ 10 ZI
M’ Wbt 31




2i 6 N QO VWWSSTT= 20 144
(iii)| 1 ] B (w) [ 1 4 ]
\:\\‘\ “ [\ '\“ i' 0 2 3
3. termine which of the following matrices are singular and which are non-singular.
(4 1 2 [3 -1 2
M|z 3 1 ] @jlz 0 1]
' -4 1 -3 -1 5 1
[3i 1 2 " 2 -i 1
(i) [—4 1 i] (iv) | i 3 —2]
L2 01 ~24+L [4+3 —3
4.  Find the value of 4, so that the given matrices are singular.
A 1 3] A 2 0
M2 1 8 () |2 1 3]
0 3 1. A 21
A [ 1] 2+i 1 6
@mj2 1 3 (iv) 2 2 1] : AR
3 1 2 . 3 0 2 . 1oy \ //‘)/.\\ \
5.  Find the multiplicative inverse of the foHowmgmgm xuf,mexw&biradjumt method.
1 -1 1] O3S 4021\ Y
@ [2 1 e\ (1{ U sus]
1 —-2 ( ﬁl?*\ \ _13 0o u
I o S
g oN %Nﬂ” i ) |2 1 —3i]
L1 0 41 40 2 6
2 1 =3
6. IfA=|0 1 0 |thenfind A~ and hence show that A4~ = A~1A = I,.
2 1 6

7. Verify that (AB)~! = B~1A™1 in each of the following.
) 2 1 3
@) A—[B 5 andB =7

1 1 1 3 -2 3
i A=|2 -1 lland8={2 1 —1]
2 1 -3 4 -3 2
2 =i 6 3 1 2
(i) A=|1 2 i]andB:[l 0 1‘
-i 1 6 011
1 2 5 2 3 4
(iv) A=[1 -1 -1] and B = {1 0 z] o~ A
2 3 -1 013 ~\ 75 \ o™
( ) / \, yn' 7
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2.4 Properties of Determmants At Re

Here we will discuss somém:pﬂrtam pmpcﬁws of detcnmnams whuch will help us to find the
value of a deten‘m‘ Epr mnvcmence we will consider the determinant of the square matrix A
nforderBN‘Bl éilf

d11 G2 Q3
A= [‘121 az; ﬂza] then
laz; @iz a3
@11 @12 Qi3
|G21 Q22 Q23
Q33 Q3 dsz :
1A] = ayy az2 azal — Ian azal 3 |ﬂz1 ﬂzzl
a3z Qa3 G317 Qa3 az; Qs
= Gy (Az2033 — 023C32) — G12(21 @33 — G23031) + A13(A21832 — Az2031)
Property 1:

|| =

1Al = 4] .
Proof: A\ (F (¢ ;::( ) \
1 (%1 Gaf \\\\' " (”».‘r N
) IA‘T 17 A5\ ﬂs: J
o\l -wf/«. \ “Lﬂ\ ‘g3 d33
Expanding from Cl,vje Eave,
\ 22 N2 ﬂzx a3y az 0Oz
IAtF\ ﬁ\} a: ﬂaal a2|ﬂza a33|+ alﬂzz a:;z‘
= a1 (2833 — @p3037) — A12(A21 033 — G23031) + Ay3(021032 — Q22031)
= |A|
Example:
1 2 0 1 20
IfA=I0 3 0|then|A| = 0
2 16

z3 10 6 0 0,410

ok 1 6\_212 5|+°|2
=1(18-0)-2(0—-0)+0=18

And

10 2
2 31
D 0 6 AR N\ \ P,
=1(18- 0) 0+2(0> o) ="13 [ &

Thus [Al =14 7\ (ONSIU Y L

|Af] =

_1| |0| |+2 _\\

AR B
N il"'\:ij, | \J “ ™



Property 2: \ VD -
If any two rows (¢ ? q?lumus) {rﬁl square matrix A are interchanged such that the resulting matrix
is B then B NN r
Proof:
Let we interchange the first and second rows of matrix A; then the new matrix is:
(A1 Q22 23]
B=|;; a1z a3
[d31 Q32 d33]
1 Qdzz Qzs
= |B| =011 @2 Q33
' a3y a4z dg3
- Q12 aul g Iau a13| a1 ‘112[

921laz, a3l ~%22lag; agzl T %3lay, ay
= @34 (42033 — 33a32) — A22(@13033 — 4303,) + az3(ay1a3; — ay7a34)
= (17021033 — G1302103z — Q1032033 + 43033033 + A5105303; — ﬂnﬂzaﬂn
= (—a410;2a33 + 811823037) + (21207,833 — ﬂuﬂzaﬂn) +£\ 1385 z@'ﬁuﬂzzﬂsﬂ

= —ay4 (@233 — A2332) + @15(A21833 — azaaaﬁ/ - \&{#ﬁﬂam ﬂzzﬂal)
= —[ay1(azza33 — ﬂzaﬂsz) %;ﬁﬁ(ﬁ%}_‘ u{:iﬂ?ﬂ. +ﬂ13(a21 @3z — Gz2d31)]
= IB' —|A| C)\ \ —~ 7\/1 \\\ : \\\ \'\ \//\f \\ -

\\L \

1 2\ g\] A=
Example: Letdﬁ{ I;L\ ) ﬁlen
\ i\\| 2 0

A] = 1|2 g| ]2 "|+3| ;|=1(n—u)—2(0—u)+3(4—{1)=12

12 3
By interchanging second and third rows of A; we have a matrix B = \ﬂ 2 D]
210

1 2 3
0f .10 0. |0

0 2 o= 1| 0|—2|2 1]|+3|2

2 10

=1(0-0)—2(0—0)+3(0-4)=0-0—-12 = -12

|B] = —|A|

= |B| =

Property 3: . .
If any two rows (or columns) of a square matrix are identical then the value of the determinant is

Zero.
PI'DDf" - |->’|&/;;;\\. ‘/{T) :/I,i N\
Consider a determinant with two identical rows: —  ~ "\ [0 |0~
—\ ¢ ) 7 NARRIE \ y‘.‘ \, ’1' 7
Qe \ ‘ L
:‘11 :12 a1'3“\ ﬂzz ﬂh ._\ |a21 ﬂza' ‘ ,521 ﬂzzl
21 22 2| “ lazy “azsl = M2 lay;  az 3lay; ax
%1 G2 (@23l
\ ‘Fr\lﬁn 23— ﬂzz“zs) ay2(@z1823 — @31823) + 013(az,;52 = ap1a32)
= ﬂu(m —a;3(0) +a,3(0)=0+0+0=0
National Book Foundation ' /* Unit-02  Matrices and Determirn eE
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2 6 _.\I\I - - /::I ‘\‘\ | |||' | 7 \‘/\
Example: Consider the detennmant ﬂ IB é ’l]rin W\ N\ \ J
3\\2 )

f)
Expanding by Ry: “ ' \Re!
\ \\]\“\\ 3
NN _2|z -1f3 o +6l;
=2(0- IJ) 1(0-0) + 6(6—6)
=2(0)-1(0)+6(0) =0
Property 4:

If we multiply each element of a row or a column with a non-zero scalar k then the
resulting matrix is B and |B| = k|4|
Proof:

Gy G2 g3
A= lﬂn az2 ‘123]
a3y O3z Q33
Let we multiply each element of row one by a non-zero scalar k then the resulting matmr. s

vecl
i
@ qal Ve
WN 3l
kaﬁjﬁww’ - kay, |ﬂzz ﬂzsl k az1 ﬂzal a2 aﬁl

=|d; (@ Az
az; @3z Qi3

[kﬂn ka;; ka3
B=

= ‘Blﬁ‘ail azz2 az3 3z Qi3 lzlﬂgl 33 a3 Ia31 asz
a3y ﬂaz 33
azz azzl_ azy ﬂzal |‘121 “22”
[aulﬂaz 33 2|as; agsl " 13las a3
ayp Qi Q13
= k|@2 Q22 Qz
@z, Qz2 Gz
Thus |B| = k|A|
' 1 3 2
Example:LetA=|2 1 0
Lo S\ OO 2
Let we multiply each element of second row by53 then ther&@%lti}tgiﬁ;ﬁﬁls\ﬂ/ [6 3 D]
1 0 3

1 3 2 r) ~ \\ " \\ ) '\l/
2 1 gl ] [ | |+z|1

\i '\'0) 36-0)+2(0-1)=3-18-2=-17

Now |4] =




ﬂ
:
f/ N

1 38 2 . =
And |B| = 6 3 {1J | l+z|ﬁ 3
\ |,..'
L1 0y - 3018 o)+z(u 3)=9-54-6=-51
= 3(-17) = 3|4|
ie;|B| = 3l4]|
Property 5:

If matrix A is of the form

@y + by Gz Gy
@y + b2 Gz Gz
lag, + b3y @iz 4ass

A= : then

11 @2 A3 by a2 @3
|A] = |@21 @22 Q23|+ by Q22 @z
a3y @3z Q33| |bsy @32 Ga3
Proof:
a;; + b11 a2z M43 ~ V3 \ﬁ\‘«
[Al = {221 + D21 @22 23 i, I > 2\ @’/\I:\ -
@3, + b3 a3 a@g Q T\ \ N /f o
Expanding from C; O\ \ \ /Q‘u 'u \ A a
\i"A O\ 12
— (au + bll) aZ?. i (‘a!k h?fb |ﬂ32 ﬂ13| + (aﬁ‘.l + b31) Iﬂzz a3z
. aﬁz\li qif; Gagz a;al_a |au anl_ a2 ﬂ13|+a Iaiz 'lul
= 11 \ b1 as; Qa3 21ay, ajz; 21laz; ass 31la;;, as3
+ by |ﬂ1z ﬂul
azz; Q33
(i §2-an oz anl*osila; anl
a3z Q33 dz; Q33 llaz; ass

+(b lﬂzz ﬂzsl ~ b, |ﬂ12 a13|+b a2 ﬂ13|)
\"11jas; daaz lla;; ass lay; az3

a;; @12 @3
azqy dzz dz3|+
a3y a3z 4di33

1+2 1 0]
3—1 0 2|then

by @1z @3
by azz az
by; az; Qa3

|4] =

Example: If A =

2+3 2 1 .
142 1 0] |1 10
3-1 0 2|=3 0 2|+|-
2+3 2 1l 2 2 1l I3

1+2 1 0 & 3 1 0 O\
LHS. 3 1 n z\ 20, zl QNS
Ji 5 2 1
--1z+a+o~—_4 o
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11 0
3 0 2

2 (1w 0 Q

B2\ ]L
zzal\li\ﬁuzl - . )
=(f5]=1l; F+oly D+l d-13 o3 2D
=(10-4)-13- 4)+0)+(2(0 —-4)—1(-1-6)+0)

=(-4+1+0)+(-8+7+0) = —4 {2}

Property 6:
If all the elements of a row or a column of a square matrix A are zero then [A| = 0
Proof:

R.H.S. -

Consider the matrix A =| 0 0 0

[A11 Q12 an]
437 Q32 Q33

a;; 4 Q43
So|A| = 0 0
A3y a3z dazz
Expanding from R, "
Al =a L o B P@m@© SQ&
T as, as; a3 Qaz / -

=a,,(0-0) - al:‘u j§+ A,@J\—\i D%ﬂ\?ﬂ

Example: If A l 0 eh

3 YN \al

[Al={0 0 0
1309 |
=3|g g|—1|‘1’ ol+2[; g|=3(o-o)—1(o—o)+2(u—o)
=0-0+0=0
Property 7:

If we multiply any row (column) of a square matrix with some scalar k and add the resulting
value to the corresponding elements of any other row (column) then the value of the determinant

is unchanged.
Proof:
@11 Q12 @3]
Consider any square matrix 4 = [au azz Qz3 o
@3y Qzz Qsz] vaxe\
@11 @2 @3] _
az1 Gz @3} \(\ ()
o\ 1931 \‘-’132 ﬂs;i WAL =
Let we multiply R, by k anctthen add iha rm\ll \in R/‘ Resultmg mamx is:

= |A| =

a;; + kagy ﬂn\ml{mzz \ays '+ kass
B = ﬂm\ll\\l\ Nz, az3
ﬂ31 a3z A33
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ayy + kag, ﬂu'!'kazz—/ﬂxa*'gaa
|IB| = az; ) ﬂzz |\ s |
'131 AR Jl a3 W agg
‘1‘1}\@1 s & kﬂn kap, kazs
=@z Qzz G|+ |az Az Gz
azy Qzz a3 az; Qaizz 4ass
dz; dz Aas;
= |A| + k221 @22 Q3| = |A| + k(0) R, and R, are identical.
sy 0Qzz dass
« |B| = |A|
2 0
Example: Consider the matrix A = F 4 —1] then
3 -1 2
3 2 0]
Al = 4 -1
3 -1 2
“3t -z ot 4 SR

=3(8-1)- 2(2+3}+0(—1 12) = 24-10+0°= M- AL @\-w

Let we multiply R, By 2 a.nd adding Waly:Q ( " s ¢lemeuts of R3; the resulting
matrix is ( ) \ ‘\\ (\Jﬁ\\\,\ /\\‘\ \ . A

[3 2 0 T\ \) BT R

Q \J , (3 il

9\ i\&

Now
32 0
4 -1 1 -1 1

B| = -1l = _ |
ol I 3y 212l Zl+ol;

3 =3(8+3)—2(2+9)+0(3-36)=33-22+0=11
We conclude that |A] = |B|
Property 8:
If a square matrix A is upper triangular or lower triangular or diagonal matrix then |A| is the
product of its diagonal elements.
Proof:

a1 @32 Qg3
LetA = [ 0 a ﬂza]

0 0 d33

a1y Q12 43
Al =0 @ ax A C
0 0 /_ﬁ3§ o~ \ A7\

=0y ﬂzz“ @2?1 h"""‘ﬂ = au(ﬂzzﬂaa -0)
= sﬂ 122033 = product of the diagonal elements
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3 00
Example: IfA=12 1 0 th
4 3 2L

L \f g\ dl [l|

WNNVRT3 2
0 —2(7—0) =
_3|3 2|—{1+u_3(z 0)=6
= (3)(2)(1) = product of diagonal elements

24.2 E\raluatiun of Determinants Without Expansion

la=2l b=2m c-2n
Example: Without expansion show that | ! m n |=0
a b c
Solution: L.H.S
a—-2l b-2m c-2n a b c| |-2 —Zm —Zn
l m n [=|l m n|t+ !
a b c a b ¢
e M nf 2\
a b \k‘ y
%\ \\'“\?@ \'T'/ &“
AV s
Example: If a &ww then mthout expanding show that
c+a
c+a a+b b+c =0
a+b b+c c+a

b4+c c+a a+b
c+a a+b b+c
a+b b+c c+a

Solution: LH.S =

2a+2b+2c 2a+2b+2c 2a+2b+2c
=| c+a a+b ° b+c |byRi+(R,+R3)
a+b b+c c+a
2(a+b+c) 2(a+b+c) 2(a+b+c)
= c+a a+b b+c
a+b b+c c+a

2(0) 2(0) 2(0)
=|c+a a+b b+c|=
a+b b+c c+a

a+b b+c C~I/

_/~..--

a . i) "-».;r,—‘( .H\ \ \\\ //x - 2 } 2
.xample: Prove that ﬂ#’ bgaﬁ nc ¥ |
\] \\j N ' O U R e I 1
\WNNW ﬁt - cbl I

-

7N —_— ,//-\ \ L ". \
{} D 0 A\ "'K - \‘. /CA' \1\_,'/,: WU
c+a a+b h +c 0 -\ “// \Q' [ (€ g/\_g o>
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Solution:

a?+1 ab 7\ 1
ab ~ z\j""rﬁl b (1 + z)
~ kNN © 2 b
\\\@“ \\»J \J (s C + 1 1
Al ac bc c? (1 + —z-)
g
1
a (1 + F) b ¢ Taking out common
= abc a b (1 4 ﬁ) c afromR; bfromR,
‘ . b (1+1) and c from R,.
c e
3
(1 + —2) 1 1
a
1 Taking out common
= a2}2o2
=a'b'c 1 (1+F) i afromﬁ,bﬁ‘umcgr/ -
1 and ¢ from €3\ f‘-.l\\‘d
0 '\"\,\ |/(ﬂ \'\S\é ) \I\'\\"'\, VW)
AP\ ZAR\ A
-lz 0 Q/\\‘\, i\“( .‘ ’\'\\ ‘\ \ N /\\\/‘f
a _, ,’ \ \\ ,\\\ (PR By Gy~ C
= a?h?c? NS Yli1= 43
\ ‘QNN}% g Ea=Ey
@ ~a lta
Expanding from R;
' 1 1
( -— 1 0 1 0 —
= a2b?c? 1P _ol 1 141 ¥
a2 1 1 == 1+ = 1 1
W - I ol
, -1 (1 1y 1 1
M. L I
=anie Gl (e )+ a0+ 04 )]

1 1 1 1
o RS
=abe (ﬂzba+azb?c2+azcz+bzcz)
=c’+14b¥+a*=1+a?+b%+¢?

~ A
-3\ (@
Example: Prove that | g S
&
“;ﬂ.
Solution: \CA N\
1 a‘ Yat\Phata? 1+a+a?
a R I * 3 1 a? By Ry + (Ry + R3)
H\
a 1
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=(1+a+a)|a 1 a?| _ Tﬂhﬂs out/coninon from Ry '~ [/
1 J VL |- ByG -G
=(1+a+a’) a“J.lh-d ﬂz G-G
14 a - q=- |‘:l'.2 1- ﬂ
Expanding from R,
_ 2 1-a a =aj _
_‘(1+a+a)(1| - | 0+0)
- 3 -
=(1+a+a®)|172 @ -al
a—a? 1-q?
. 1 -a Taking out common
=(+at+a)1-a)1-a)|} 7% from €, and C,

=(1+a+a®)1-a)l-a)(1+a+a?
=(1-a%(1-a%) =(1-a??

1.  Without expansion show that:

N\
W)

9 27 36 VAN i L A
@) |18 54 24[=0 ¢ :(ﬁ)f“li,tb \ae -\ +c| -0 (m) a 0 —c|=0
27 81 28 /e ‘ab a+b b ¢ 0
SII[%J‘F“ \J| J Ji ""msz _ (a-b)® a®-bd ab(a - b)
(iv) | tan? scela 1 [=0 (v) |(c—-d)P® E-d® cd(c—-d)|=0
—r:osecza —cotla 1 (e—f)P e*—f3 ef(e-f)

x =z 0 (a=b)* (a+b)* ab
vi) |0 y -x|=0 (vii) (c —-d)? (c+d)? cd|=0
-y 0 2 -f)? (e+f)? ef

2. Using the properties of the determinants prove tha following.
x y x+y
O |y xty 1 |=-2e4
x+y x y

a b-=c b+
(i) a+c b c-a|=(a+b+c)(@+b*+c?)
a-b a+b ¢

ﬂal + b}_ nﬂz + bz nﬂa + b:i ﬂ1 ﬂz g,a ’,/;;;;, :‘ eV
(i) |nby+c mby+c; mbytogl=(n'+t 1). | O
neg+a; nc;+a; ﬂ.t‘..’g + flg ~ W\ W\ 1 Cg €3

x xz 1 +=ax3

(iv) y y 1+ay --—*t1+ \z)(x-y)(y -2)(z—x)

A\ r\ii;_.
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~N[\GE
N\ a* (b2 \\ 2b
) A\ \L2p' “1—a? - b?| = (1 + a2 + b2)?
QAR hf +52 " 2ab —2a
NI 30 1 2041
M) 2a+1 1 a+2 ={a-1)(a-2)
3 1 2
b+c a a
(vil) b c+a b |=4abc
c c a+b
—bc  b*+bc ¢+ bc
(viii) |a*+ac -ac 2+ ac| = (ab + bc + ca)?
a’*+ab b*+ab —ab
(b+c)* ab ca
(x) | ab (a+c)* bc |=2abc(a+b+c)
ac be (a + b)?
b+c q+r y+z a p x
(63 c+a rv+p z+x|=2lb q y - - 417(_‘\,‘
a+b p+q x+y c r z < .( A\ /v\\j\

(x)  If|AB| = |Al.|B| and |Aﬂ 1f|A1 ihi:n tﬁr amarcmm of order 3 x 3
prove Lpat ladeL Ml;" (O AL

(xii) IfAis a%‘mﬂers % 3 ich that IadJAI 64 then find |A™1].

b+c c+a a+bh

c+a a+b b+c

a+b b+c c+a

W \l \ﬁ\d (E arereal numbers and = 0. Show that cither

a+b+c=00ra=b=c.

2.5. Rows and Columns Operations

2.5.1 Rows and Columns Operations on Matrices
Elementary Row Operations

The following elementary row opcrauons can be performed on a matrix.
(i)  We can interchange any two rows of the matrix. If we interchange the ith row with
the jth row of the matrix then it is denoted by Ry;.

(i) We can multiply any row by a non-zero scalar k with the ith row then it is denoted
by kR;.
(iii) We can add a multiple of any row to the corresponding values 0£m¥ﬁther row. If we

add k-times of the jth row to the ith row thc:n 1t ]&dc'ﬁoﬁ':d byR; + kRJ
Elementary Column Operations

The following elementary column, 0 tlons ean be pcrformed on a matrix.
() Wecan mte!‘change any two columns of the matrix. If we interchange the ith column
' rarth lhé'jth column of the matrix then it is denoted by C; J-
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(i)  We can multiply any column by a Ipap-zero scaiar kw:th thé Eth column then it is
. denoted by kC;. ) J
(i) Wecanadda muiﬂpla Df any Olhtr\eulumn 0 t.hc cnrmspondmg values of any other
column. ff’ we. p,dd kaumes of the jth column to the ith column then it is denoted by
Gl 3N
2.5.2 Echelon Form of a aMatrix
Any matrix which has the following properties is known as in Echelon form (row Echelon form).
(1) If a row does not consist entirely of zeros, then the first non-zero number in the row is
1; we call this leading 1.
(i)  Iftherc aremany rows that consist entirely of zeros, then they are grouped together at
the bottom of the matrix.
(iii)  In any two successive rows that do not consist entirely of zeros, the leading 1 in the
lower row occurs farther to the right than the leading 1 in the higher row.
(iv)  Each column that contains a leading 1 has zeros below 1.
2.5.3 Reduced Echelon Form of a Matrix A
Any matrix which has the following properties is known as in Reduce,d E;c“helmrﬁm¥
(1)  Ifarow does not consist enurcly of (zems‘ then the ﬁrsl n\ nh-fém m:ﬁribcr in the Tow is
1; we call this lf.:admg 1. \ \/ 70\ O\ j .
(i)  If there are many Ws that ebnéménureiﬂfmms, then they are grouped together at
the battmg ftt;g mah‘m """
(iii) lr{\ cessive rows that do not consist entirely of zeros, “the leading | in the
]uwer row occurs farther to the right than the leading 1 in the higher row.
(iv)  Each column that contains a leading 1 has zero everywhere else in that column.

3 12
Example: Reduce the matrix A = [*2 4 1| into the echelon form.
1 0 2
[ 3 1 2 Key Facts
Solutiom: A= |-2 4 1 A matrix in reduced echelon
|1 0 2 N3 form is also in echelon form; but
@ 2 matrix in echelon form may not
(1 0 2] be in reduced echelon form.
~R |-2 4 1 by Ry3 ) i
[3 1 2
~R
~R
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o R\@m@w

~ b alinn
\M 3 -
Y z—{Rs
0 0
Which is the required echelon form of matrix 4.
1 2 3 4
Example: Write the matrix A= |2 3 4 5| into the reduced echelon form.
4 5 6 7
1 2 3 4
Solution:4A=|2 3 4 5
4 5 6 7
1 2 3 4
byR; - 2R
0 -3 -6 -9 @ @@
1 2 4 O W ©
~R |0 1 3 KX 3is
0 1

3
2
fi} | by Ry — 2R,
WW 2 3 R — R,
00 00

Which is the reduced echelon form,
2.5.4 Rank of a Matrix
Using Row Operations to Find the Rank of a Matrix

To find the rank of a matrix, find its echelon (or reduced echelon) form. The number of non-zero
rows in its echelon form is called the rank (or row rank) of the matrix.

2 5 7
Example: Find the rank of the matrix [ 1 2 —1].
-3 -6 3

o

2 5 7
Solution: Let A = [1 2 -1
-3 -6 3

m@n@mj@

| WWWK




1 2 -1
~R |0 1 9

0 0 0.

Which is the mheleww Iof the mah'uc The number of non-zero rows is 2.
\ ‘ \ '
Thus Rank(hy
2.5.5 Using Row Opecration to Find the Inverse of a Non-Singular Matrix

Row operations can be performed on a non-singular matrix A to find its inverse. For this consider
an identity matrix / of same order as that of A. Write A and / parallel to each other. Now

perform some row operations on 4 and / so that matrix A reduce to /, consequently the matrix /
will also reduce to some new matrix which is the inverse of 4.

We can also perform column operations to find A%,

210
Example: Find A™%; if A = [4 3 1] by using row operations.
10 2
1w
‘ 2 10 15\ @@&
Solution: |[A|=|4 3 1 /x ’/@V@
1 0 2

-2fy 31} f;mv&

J |—\1 l—\1 +0(0-3)
@\@iﬁ(g{— F0=5%0

So A is non singular. Now consider

2 1 0: 10 0
[AN=]4 3 1: 0 1 0
1 0 2: 0 0 1
10 2: 0 0 1
~R|4 3 1: 0 1 0 by Ry3
2 1 0: 1 0 0
1 0 2:0 01 B 4R
~R|0 3 -7: 0 1 -4 y Rz — 4R,
0 1 -4: 1 0 -2l R; — 2R,
10 2:0 0 1]
~RI0 1 —-4: 1 0 =2| by Rz3
0 3 =7: 0 1 —4 - A
10 2: 0 0 11 5\ cOWuY
~R[0 1 —4: 1,0 (%2{0\(" .,l.‘\\\by st B»Rz
AR |
~R0\1\ )41 0 =2 ] by 2R,
CRNNNET0 1: =345 15 2/5




g D ;3/5

AL 1/5 2/5

QR '\ ' AL

“\]' 6/5 ~2/5 1/s

Thus Al =|-7/5 4/5 —2/5]
Las s 25

First reduce each of the following matrices into echelon form then into reduced echelon

form.
(1 3 5] 2 1 2 -1 0
(i) -6 8 3 (i) |3 2 (iii) | 4 7 8]
-4 6 5 19 -3 1 3
2 -4 3 0 2 4
) [+ 1 8 Ol P o 3 6]
7 3 o0 0 1 2
2. Find the rank of each of the following matrices. A =100 “\
5 9 3] el -2«3\ \' [(2 o=~
M |3 -5 6 0 = 2\Wafy)
ﬂ‘- — N\ V' { \'\ ""." \ =
2 1 gc RN \‘ﬁ r s
(iii) | WD vy 2 9
- 2\\] |®| QM 1 6

3. ‘J}ith thc help of row operations, find the inverse of the following matrices if it exists.
Also verify your answer by showing that A4~ = A~14 =],

0 -1 -1 [1 2475
(i) -1 3 0 ] (i) |[-3 0 1
L1 -1 4 L 4 2 5
-5 2 3 0 1 3
(m) |[-1 =2 3] (iv)[3 2 4
1 -2 3 6 -1 2

2.6  Solving System of Linear Equations
Liner Equation
An equation of the form a,x; + a;x; = k,; where a,, a, and k, arc constants and at least one
of a, and a,is non-zero is called a linear equation in two variables x, and x,. P\
Similarly, the equation of the form a;x; + azx; + azx; = kz, where ai. ag! ﬂ@ and kz are
constants and at least one of a;, a; and azis ponazeru is uamd Nméarequanun in thrée variables
Xy, Xz and x3. In the same manner we carr &lltmd thls fdrn number of variables.
System of Linear Equatigns |1\ i.;] \\ Pt
When we deal w:{t\mq;e than one tinear equation at the same time; then it is called system of
linear f:quﬁhjqné &hw:de the system of linear equations into two categories:

(i) ~Homogeneous system of linear equations.

(ii)  Non-homogeneous system of linear cquations.

Natianal Book Foundeation
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2.6.1 Homogeneous and Non-homogeneous d,incm\ ﬁr/ @o
Homogeneous System of Linear Equaﬁc\ Q
Consider the following sysm \r\@ﬁ

NN \/\
W%M\J\J : a,x + bzy +cz= kz
azx + bgy +c3z = kg

If k; = k; = k3 = 0; then the system is called homogencous system of linear equations.
Non- Homogencous System of Linear Equations
For the following system of linear equations
mx+by+cz=k
ax+by+cz=k
asx + by +c3z =ky
If at least one of k,, k; and k5 15 non-zero then the system is called non-homogeneous system of
equations.
2.6.2 Solution of System of Linear Equations
The values of the variables involved in the system of linear equations wl'uch when s ted in

any equation of the system the equation is satisfied; is known
A system may have no solution or uniq soh@un or infini @ mns
Solution of Homogeneous v

\I\JWO ax+by+cz=0
NRU\J\J ax + by +cz2=0

a3x + b3y +c3z=10

2 by c1px 0
[az b, ¢ [}’] = [D]
bg c3l kX 0

as

a by o X 0
LetA = [ﬂz b, 63]; X= H; 0= 0]
aq b3 C3 ¥4 0

So, we write AX = 0

Observe that each equation of the system is satisfied if we take x = 0;y = 0; z = 0. So, (0,0,0)
is the solution of the homogeneous system of linear equations. Since this solution always exists
for all systems of the homogeneous equations thus it is called trivial solutions of th m. All

solutions other than trivial solution are known as non-tnwal sah\ﬁ@ @ k

Observe that, if the cocfficients matrix A is non e Key Facts
(1= 5-18’@\ (ﬁﬂf& @ Condition for the system of |

This system may be written as

(1)

= (A7! homogeneous liner equations to |
have non-trivial solution is that
4| =




em has a trivial solution.
The system of homogeneous linear equations may have non-trivial solution if |A| = 0.

Example; How many solutions does the following system of homogeneous linear

equations has?
Ix—2y+z=0 . (1)
2x+y—-3z=0 (2)
x—y+z=0 G)

Solution:
The coefficients matrix is:

I‘J -2 1

A=z 1 —3]

1 -1 1

=3t Pl-caff P+ 2 @@@m
=3(1-3)+2(2 3)3&@ ?

= —5§ ) — 3 =
This system has only trivia
EnmpWrg geneous system of linear equations:
. x+3y+2z=0 (1)
2x—-y+3z=0 (2)
x—4y+z=
Solution: y 0 (3)
The coefficients matrix is:
1 3 2
A=[2 -1 3
1 -4 1

-1 3 2 3 2 -1
|A|=1|_4 1|—3|1 1|+z|1 ~B
Al =1(-1+12)-3(2-3)+2(-8+1)
[A|=114+3-14=0
So the system has non-trivial solution.

Multiplying equation (1) by 2 then subtracting equation (2) fm: @@m
o
1) =22x+6y+4z=0 - %@@ﬁ
2) =2x-y ﬁ\m

-+
;

W
WN%“ (@
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Subtracting equation (3) from equauun\(l),
(1) =:x+3y®23,=/(}? \\ ‘\\\. \S /;a b
3) =x- -Fz\ \ﬂ\\ VUL
\J‘\(N'T\' o
Ty+z=
Now equations (4) and (5) are ldenncal
Put z = t in equation (4).
=>T7y+t=0 =&?'y=’—_t=&y=-—-$t
Substituting these values in equation (1), we have:
x+3(=5t)+2t=0
Sx=2t+2t=03x+>t=0

\
\

(5)

11
2x= —-';-‘t

Thus (— 17—1t, —%t, t) are the infinite many solutions. By assigning different values to t we will

have different solutions,

Consistent System of Equations mm
A system of linear equations whic %f t'on consistent system of
equations. : \

In«onsisW atmns
A system of linear equations which has no solution at all is called in-consistent system of

equations.
2.6.3 Solution of Non-Homogencous System of Linear Equations

Consider a non-homogeneous system of linear equations:

a4 x + bl}' +gz= ki I - Remember
ax+ b,y +cz=k; e System of homogeneous linear
asx + by + 32 = k3 . equations is always consistent

since it has at least trivial solution.

where, at least one of ky, k, and k; is non-zero. IS
The above system in matrix form may be written as

a, by opx key
[ﬂz b, ‘r‘z] [}’] = [kzl
ag by clizl liky ] P
% bl 9 | 0\ klt". ’\'ﬁ/_\\,‘\'r; ./O \'\ (v&_ﬁl\g
Let A=la; b; cf; X= y o\ @ﬁ_— \ .,;kg \ O N
a \Lzl/! Y AT
3 by Ei f«/“/ \\ "
\ \! \\\ I‘. \

l\ \\ '\)

N
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Consistency Criteria \f Q

A system of homogcnenué k{ \s consistent if Rank A = Rank Ap. The system is
inconsistent i

If Rank Ab = number 0f unknowns, then the system has a unique solution.

If Rank A = Rank A, < number of unknowns, then system has infinite many solutions.
Augmented Matrix
For a given system of linear equations, amatrix consisting of the coefficients of the unknowns
together with the constants on the right side of equations is called an augmented matrix. It is
usually denoted by Aj. For the above system of linear equations the augmented matrix is:

a b ook

Ap =|a; b, ¢ @ k;

az b; cy kB
Methods to Solve a Non-Homogeneous System of Equations
To solve a system of 3 -by- 3 non-homogeneous system of linear equations, we use the
following methods.

¢ Matrix inversion method

* Gauss elimination method (ech @W@
o Gauss Jordan meth

u
® Cramer's rule
Matrix Inversi
Consul - omogeneuus system of linear equations:

ax+by+cz=k
ax +byy+cz=k,
yx + byy + c3z = ky
In matrix form this system may be written as:
AX =B
If A is invertible (i.e.; non-singular) then A~ exists; so
A1(AX) = AT'B
= (A"1A)X =A"1B
=I1X=A"'B
=X=A"'R
Example: Solve the system of non-homogeneous linear equation by matrix inversion method.

2x+3y—-z=1, x—-y+z=3; x+2y—-z=1 wN
Solution: f\ @@km

Forthi yse osfeqlla;:ons we have m%f
A= [ K\& S\\Q\IA

WN
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A\ ([ \\j ) )
= \ ~ "\ N [ (o \oo~™
_ 2 3 1‘ “'\I('-‘-- \ 1 "v,l -IVQT 1\ }I \_N
and JAI=(1 - 1= *-;*.\1 p-g | P
1 2 _'1 NS B

=2(1-2)- 3( 1 ‘\.,+1(2+15; 246-3=1%0
This system ﬁﬁmﬁfs wa to find A1, we calculate the cofactors of each element .
Ay = {—1)1“ _1 1| =(-1)1-2)=-1
A= (-1)1+2 =(-1)3(-1-1) =2
Aiﬂ = (-_1)1+3

Az = (—1)H1

= (-1)*Q2+1) =3
= (-1)%(-3+2) =1

Az = (-1)*%2 =(-D*-2+1)=-1

Ay = (-1)2*3

HONE NN W e
|
|

o= 0 -3)=-1
A= |3 = re-n =2

0
Asz=(—1)‘3+2‘i 1-( 1°2+1) = ﬂXF/QO@@LN
A33=(-1)3+3 = (= \x@“@@\,\,
\ ORI 2
adJA i?ﬂ =[2 -1 —3]
23 3 -1 =5
1 2 -1 1 2
A-1=|—;ade=- -1 —3]=lz -1 ‘3]
-1 =5 3 -1 =5
Since X = A™'B

B[z 3 -]

~x =4;y =—4 and z = -5 is its solution.

Gauss Elimination Method (Echelon Form)
In this method, we reduce the associated augmented matrix for a given system of linear equations
to its echelon form.
Example: Salvc the system of equations by using Gauss elimination method

X —3x;+4x;=1;x, +2:rz—x3 = 2; 3%, +SJr_z ’-3x3/=5\
Solution: S A Pt oA \\\\' [0\ =
The associated augmented matrix is: |\ 7\ (' SR\BYS

g\ 4;77" \| eI
Ay =112\ 512
Ni N g\ 2315

First, we r&fﬁ& into echelon form.

\\\\\\

\
R I
L/

e — -
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by Ry2
3 b}"Rz—ZR|
5 Rs — 3R,
1
0 b}'Rz;
0
1
0 by —1R;
0 : =3
1 2 zl
0 1 1 Ry + 7R
0 0 . 4 by Ry + 7R,
1 3

~Rl0 1 0 : % L

00 ‘3

@ - ; = Key Facts
2
2 If Rank A= Rank A, =3
O _2 l Then the system has a unique
=% =3 solution.

From second row we have:
Ox; +1x, +0x3 =1
2x=1
From the first row, we have:
Xy +2x;—x3=2
X +2(1)—-§=2=11+§=2

2
=X = ;
2 2. .
"X =T R=1L x3=gis the solution of the system.

Gauss Jordan Method (Reduced Echelon Form)

In this method, we reduce the associated augmented matrix into red @@n for the
given system of non-homogeneous linear equations. @

@)
Example: Solve the system of given non-homogene: ~-f- equations
2x> — ‘ i=1; 4x+5y+z=4,

by using Gauss-]nrdﬂ hod.| \ |
Solution:, [\ o

ﬁt@éﬁ%‘d augmented matrix is:

2ol Fonemdation m




First; we othe reduced echelon form.

1 4 =2:1

~Rl2 -3 s =z] byR12
4 5 1 :4
1 4 =2:1

~R[0 -11 9:0 oy B2~ 2%y
0 -11 9 : ol Ry — Ay
1 4 -2 : 1 1

~R |0 ‘f? : 0 by 77 Rz
0 -11 9 :0

| 1 0 14/11 : 1 by R — 4R,

~R|0 1 -9/11 : 0 R+ 11R

0 0 0 =0J . .

:solet z=1t.

Observe that Rank A = Rank A, = 2, which is less than the number of unkr 0@@@01‘&
system has infinite many solutions. From the last row; we o
0x+0y+0z=0 Q X&@
This equation is true for all val %
From second row, we have; %ﬁk@
| M& =

9 9
%yﬂﬁt— 0= }'=Ht
From row one, we have:
14
x+0y+ oZ= 1
=&x+5t= 1 =2x= l—Ez
11 11
Thus,x=1— -:-%t; y= ,ﬁ- t; z = t provide us infinite many solutions by assigning different
values to the parameter ‘£’

Cramer’s Rule

Consider a system of non-homogeneous lincar equations:
mx+by+az=k
azx + by + 2=k,
azx + b3y +c3z2 = k3

The system may be written in matrix form as AX = B @o@@ S <
If 4 is non-singular then |4| = 0 and A~ exists() @@ .
AN = @&K@
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Since, A il & j\ﬂ\ﬁ(’\\i\ \\\ N e
So N =4 E‘F\ J'M‘}B
NN A s
\J\,‘ L Ay An Axn) Tk k1A1q + kzAz: + kaAz,
=2X= 7 Az Az Ax i‘-’z] = —[::Au + kzpAzz + kaﬂn]
13 Az Az 1Ays + kA + k3Ass

kyAyy + KaAzy + k3Aszy]
" |A]
= [y] = kiAqp + kA, + k;A3z
% A
kyAyz + kaAzs + k3As;
A

Comparing the elements, we have
- kyAyy + kaAzy + K33y

Al
kA + k3Azz + kaA
14112 24122 34132 @m
4&%‘3@@ AR

SaRae=

Now ky‘hl + kgAzj_

= =1)2+1 a| —1})3+1 by ¢
C (( D lf":-;')“i“k3 (( 1) b, Cg)
k b (5]
b b b $ i
=ty 2f-kelyr o+ ks 5' ke b2 ca
3 O3 3 C3 2 C2 ky bs cs
Thus,
:1 :; ?‘ r Remember
kz b . Like matrix inversion method;
x=-o2 23 0 - Cramer rule can be uscd only if A is
|4l non-singular.

Similarly, 1
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Example: QJ \lﬁ(\i\ﬁrn §ystcm of non-homogeneous linear equations
2x—3y+5z=1, x+y+2z=3; 3x—-2y—4z=0

by Cramer’s rule.

Solution:

The above system may be written as AX = B; where,

2 =3 5] X3 1
A=|1 1 2|; X=[y]; 3:[3]
0

13 -2 —4)

2 -3 5
| = ) =2 1 s 31 2 51 _}
|A ; _12 _24 I_z _4|+ |3 —4|+ |3 2|

=2(-4+4)+3(-4-6)+5(-2-3)=0-30-25 @@
=-55%0 Q&“@@ W
So, A is non-singular. m%(\/\\

1@\51 4
o -4=1|—2 7 R A R —z|_

- 4| -55
1(—4 + 4) +3(=12 - 0) + 5(-6 — 0)
= -55
_—66_6
T 55 5
2 1 5
1 3 2 21 .1 2 1
13 0 -4 | -4| 1|3 —4|+5|3
oA >3 N o
_2(-12-0)- 1(-4—6) +5(0 - 9) a0 /\\,f @Og\\y»
\ \ 0\ \
=55 \/Q\\\ U '_\/_\ \) LJ
\\ (\\\ N \\\<
_ —24+10-45 sgm\\ )

e
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2 31 /@) .,;\,:\y\tf/ ‘~
1 1 3 1 VIOV [
,-13 =2 ol 2l |+3|3 ﬁf“”la\_zl*z h6)+30-9)+1(-2-3)
\\ -55
Application of Matrices

Matrices are used in many disciplines. For example, in cryptography. We explain the process of
encryption and decryption by means of an example.

Suppose that the sender and receiver consider messages in alphabets A4 to Z only, both assign the

numbers 1026 to the letters 4 toZ respectively, and the number 0 to a blank space. For simplicity,
the sender employs a key as post-multiplication by a non-singular matrix of order 3 of his own

choice. The receiver uses post-multiplication by the inverse of the matrix which has been chosen

by the sender.

Let the encoding matrix be
1 -1 1
A=2 -1 0 m
17\C
Let the message to be @ COME",

e operation of post-multiplication by a square matrix of order 3, the
into pieces (WEL), (COM), (E), each of length 3, and converted into a sequence
of row matrices of numbers:

[23512),[31513),[500].

Note that, we have included two zcros in the last row matrix. The reason is to get a row
matrix with 5 as the first entry.

Next, we encode the message by post-multiplying each row matrix as given below:

Uncoded | Encoding | Coded row
| Row matrix Matrix Matrix

1 -1 1
1 0 ol] ;




- Mwm e

1
&}x/w 0| [46 -18 3]
W} 1 0 o
1 -1 1
[5 0 0] [|2 -1 0]| [5 -5 5]
1 0 o0

So the encoded message is [45 —28 -23][46 —-18 3][5 -5 5]
The receiver will decode the message by the reverse key, post-multiplying by the inverse of A.

So the decoding matrix is
1 [0 0 1]
A"l=—adjA =
i -1 1 7@ 16O m
The receiver decodes the c “®
W o\JUL . Decoded Decoded
‘ W matrix Matrix Row matrix |
0 0 1]
[45 —28 -23] 0 -1 2 [23 5 12]
1 -1 1 |
0 0 1
[46 -18 3] 0 -1 2 [3 15 13]
1 -1 1
0 0 1
[5 -5 5] 0 -1 2 [s 0 0]
1 -1 1

o
So, the sequence of decoded row mamce%’ m @

Thus, the receiver reads the

WWW
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X1 —3x2+4x3 =0 (i) 2x; —3x;+4x; =0

Xy —2x;+3x3=0 n+x+x =0
4xx+x2-613=0 Xy —4x; +3x3=0
(iii) x1+ x;—3x3=0 (iv) 5%, + 6x;, —7x3, =0
3x; =2x;4+x3=0 2x,—x;+x3=0

4x; =X, —2x; =0 X +2x,+2x3=0

2. Find the value of A for which the following system of homogencous lincar cquations may
- have non-trivial solution. Also solve the system for value of A.

(i) le —sz +x3 =0 (Ii) X _4xz +3x3 =0
211’*‘312-33:0 2x1+lx2+1330
3x, — 2%, +4x3 =0 X =2x+Axs =0

3. Solve the following system of linear equahnns by Gauss tt@@
(i) 2x+3y+4z=2 O :
2x+y+z=5 6z)= 1
3x -2y +@F\= 4y Sz =

(i) 2x + ZKX {iv) x+2y+5z=4
=3 3x—2y+2z=3
x+3y=5 S5x=-8y—-4z=1

4, Solve the following system of lincar equations by Gauss-Jordan method.

(1]‘ le —X;=X3 =2 (i) 2x;=3x;+7x3 =1
3x; —4x; +3x3=7 4x; +5x, —3x3 =4
41‘1 + ng “5.?3 =10 101’1 - 4.':2 + 1313 =7
(iﬁ) xn+x;+x3 = 3 ('W') 2xy — Tx;+10x3 =1
25, = 3x, +2x3 =7 Xy +2x; —4x3=8
4x, + 2x; — 5x3 = 10 2x; = 11x; +13x3, =7
5. Solve the following system of linear equations by using Cramer’s rule.
(i) x+x;+2x3=8 (i) 2x;+2x24+x3=0
-xy—2Xxz+3x3=1 —-2x; + 5x; + 233 =
3x; — 7x; + 4x3 = 10 ax,+x 1@ m

3x; — 4x, — X3 = 4

(ili) —2x;+3x3=1
3x, + 61, Oﬂ% m\@r@- Coxy s = z
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Solve the following system of linear cquatruhs /by matnx mvers\ion mefhud

(i) Sx+3y+z=6 .~ (Lﬁ\x+2y~3z 'S
2x+y+3z=19 O\ |\ ¢ 2x—3y+2z=1
x+2y+4z= §§ -x+2y-52=-3

QA '\JM\ | .
(111} —x+\3y 5z2=0 (iv) :—r-_l-%+17=4
2x+4y—62=1 2-24i=
x y z
x=2y+3z=3 s, B _,
x ¥ z
3 2 1
IfA= [4 -1 2 ];ﬁnd A~1and hence solve the system of equations.
7 3 -3

3x+4y+7z="42x—-y+3z=~ x+2y-3z=0.

Determine the v: e of A for which thc following system has no solution, unique solution

or infinitely many solutions.
x+2y—32=43x—-y+52=2;4x+y+(A*-14)z=1+2

Show that the system of equations \rﬁ/ﬁ

x-y+3z=a;3x+y-5z=f; - ;f—i%-p-'% T WU"\)
is inconsistent if y # 2a — 3{3 a 9 ‘\ \K
By making use of matri h?( ?@ Uﬂe and ffecude the following
words: V‘\ \\ ™
a. PAKINQW| AR oY b. ISLAMABAD c. COLLEGE
1 have Iuml

v B ————— ,_-““

Applying matrix operations (addition/subtraction and multiplication of (matrices) with
real and complex entries.

Evaluating determinants of 3 x 3 matrix by using cofactors and properties of
determinants.

Using row operations to find the inverse and the rank of a matrix.

Explaining a consistent and inconsistent system of linear equations and demonstrate
through examples.

Solving a system of 3 by 3 nonhomogencous linear equations by using matrix inversion
method and Cramer’s Rule.

Solving a system of three homogeneous linear cquatmns in thret; gnknomm ﬁmn& the
Gaussian elimination method. - EEN \\' TCAY )
Applying concepts of matrices to real\ wnrld prqblems such as (gtaphlc desngn, data
encryption, seismic anaiysis,,cr}tpiogmgh{ hmasfbrmahon of geometric shapes, social
network analysis). ! \\ L

N I\J '\\j '\J o
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1. Select the best matching ophon v SN
()  IforderofA 1smxnaudordcr of Bisn X p then order of AB is:

(@ ﬂmﬂ’ ~ (mxp (c)pxm (dnxn
(u) ‘ If A is a row matrix of order 1 X n then order of A®4 is:
(a) 1xn (bynx1 (c)1x1 (dnxn

(iii)  For an element a;; of a squarc matrix A:
(a) ay = (-4 (O)ay = (1) My (C);,‘Ef; =D (day =M,

(iv)  If A is any matrix then A and A*are always conformable for:

(a) Addition (b) multiplication ~ (c) subtraction (d) all of these
(v)  If A is a square matrix of order 3 X 3 and |A| = 3 then value of |adjA] is:
(2) 3 ) 173 (c)9 ()6

(vi)  For the square matrix A of order 3% 3 with |4]| = 9; Az = 2;43; = 3; Aj3 =—1;
@z1 = 1; a3 = 2,the value of ay; is:

(a) 2 (b) 3 ©9 ﬁm) -1
(vi)  System of homogeneous linear equatmns hasﬂnnem\flai/solutlaﬁif‘
(a) |A| >0 lAt{/& \\J 3 {cﬂa[' =0 (d)|Al # 0
(vii) For nnn-homogﬂamﬁs sysfe\n\uf eqn&uuns . the system is inconsistent if:
(a) Ran\ = Rank V. AS) (b) RankA # Rank A,
AR J 'Q;} Raﬁk.&l < no.of variables (d) RankAp > no.of variables
[:x) Fora system of non-homogeneous equations with three variables system will have
unique solution if:
(2) RankA < 3 (b) RankA, <3
(c) RankA = RankA, =3 (d) RankA = RankA, < 3
(x) A system of non- homogeneous equation having infinite many solutions can be
solved by using:
(a) Inversion method (b) Cramer’s rule
(¢) Gauss-Jordan method (d) all of these
1 20
2. Forthematrix A=|-3 4 9|; find 4,5, A;3and A,5; hence find |4].
2 1 686
3. Provethatif A~! = A’ then |[AAf] = 1.
la+1 I I 1 A&\ RON\LY
4. Without expanding show that o a¥l i {a + 1+ 2:}(:: 51~ !)2

Find the value of )r 50 Ihatthe fnllqwq\g system has infinite many solutions.

“ Zx 3y+z-1x 2y+Az=2;3y+z=-1

g
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